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Abstract 

Hardy and Littlewood’s approximate functional equation for quadratic Weyl 
sums (theta sums) provides, by iterative application, a powerful tool for the asymp¬ 
totic analysis of such sums. The classical Jacobi theta function, on the other hand, 
satisfies an exact functional equation, and extends to an automorphic function on 
the Jacobi group. In the present study we construct a related, almost everywhere 
non-differentiable automorphic function, which approximates quadratic Weyl sums 
up to an error of order one, uniformly in the summation range. This not only im¬ 
plies the approximate functional equation, but allows us to replace Hardy and 
Littlewood’s renormalization approach by the dynamics of a certain homogeneous 
flow. The great advantage of this construction is that the approximation is global, 
i.e., there is no need to keep track of the error terms accumulating in an iterative 
procedure. Our main application is a new functional limit theorem, or invariance 
principle, for theta sums. The interesting observation here is that the paths of 
the limiting process share a number of key features with Brownian motion (scale 
invariance, invariance under time inversion, non-differentiability), although time 
increments are not independent and the value distribution at each fixed time is 
distinctly different from a normal distribution. 
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1 Introduction 


In their classic 1914 paper iza, Hardy and Littlewood investigate exponential sums 
of the form 


N 


Sn{x, a) = e + na) , 


( 1 . 1 ) 


n=l 


where iV is a positive integer, x and a are real, and e{x) := In today’s literature 

these sums are commonly refered to as quadratic Weyl sums, finite theta series or theta 
sums. Hardy and Littlewood estimate the size of |S'Ar(x,a)| in terms of the continued 
fraction expansion of x. At the heart of their argument is the approximate functional 
equation, valid for0<x<2,0<a<l. 


S„(x.a) = ,/i e - i, + O , 


( 1 . 2 ) 


stated here in the slightly more general form due to Mordell |3H|. This reduces the length 
of the sum from N to the smaller N' = [xA^J, the integer part of xN (note that we may 
always assume that 0 < x < 1, replacing S' 7 v(x,Q() with its complex conjugate if nec¬ 


essary). Asymptotic expansions of S'Ar(x,a) are thus obtained by iterating (1.2), where 
after each application the new x' is — 1/x mod 2. The challenge in this renormalization 
approach is to keep track of the error terms that accummulate after each step, cf. Berry 
and Goldberg |2], Coutsias and Kazarinoff m and Fedotov and Klopp |T6]. The best 
asymptotic expansion of SN{x,a) we are aware of is due to Fiedler, Jurkat and Korner 
na, who avoid (|1.2[) and the above inductive argument by directly estimating S'jv(x, a) 


for X near a rational point. 

Hardy and Littlewood motivate (1.2) by the exact functional equation for Jacobi’s 
elliptic theta functions 

'd{z,a) = '^^e + na^ , (1.3) 


where z is in the complex upper half-plane S) = {z E C : Imz > 0}, and a G C. In this 
case ^ 

1 a' 






z z 


(1.4) 


The theta function 'd{z,a) is a Jacobi form of half-integral weight, and can thus be 
identihed with an automorphic function on the Jacobi group G which is invariant under 


a certain discrete subgroup F, the theta group. (Formula (1.4) corresponds to one of the 
generators of F.) In the present study, we develop a unihed geometric approach to both 
functional equations, exact and approximate. The plan is to construct an automorphic 
function 0 : F\G —)■ C that yields Sm{x, a) for all x and a, up to a uniformly bounded 


error. This in turn enables us not only to re-derive (1.2), but to furthermore obtain an 
asymptotic expansion without the need for an inductive argument. The value of Sn{x, a) 
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for large N is simply obtained by evaluating 0 along an orbit of a certain homogeneous 
flow at large times. (This flow is an extension of the geodesic flow on the modular 
surface.) As an application of our geometric approach we present a new functional limit 
theorem, or invariance principle, for SN{x,a) for random x. 

To explain the principal ideas and results of our investigation, define the generalized 
theta sum 

SN{x,a-,f) = ^f(^^^e{ln^x + na), (1.5) 


where / 


-)■ 


is bounded and of sufficient decay at ±oo so that (1.5) is absolutely 


convergent. Thus SN{x,a) = SNix,a;f) if / is the indicator function of (0,1], and 
’d{z,a) = S]y{x,a]f) if f(t) = e“^*^ and y = N~‘^. (We assume here, for the sake of 
argument, that a is real. Complex a can also be used, but lead to a shift in the argument 
of / by the imaginary part of a, cf. Section]^) 

A key role in our analysis is played by the one- resp. two-parameter subgroups : 
s G M} < G and = {n^{x,a) : {x,a) G M^} < G. The dynamical interpretation of 
under the action of (s > 0) is that of an unstable horospherical subgroup, since 
(as we will show) 

H+ = {geG: ^ e for s ^ oo}. (1.6) 


(Here e E G denotes the identity element.) The corresponding stable horospherical 
subgroup is defined by 


H_ = {g e G : ^ ^g^^ —>■ e for s —)■ cxd}. 


(1.7) 


There is a completely explicit description of these groups, which we will defer to later 
sections. 

The following two theorems describe the connection between theta sums and auto- 
morphic functions on r\G. The proof of Theorem O (for smooth cut-off functions /) 
follows the strategy of [32]. Theorem 1.2 below extends this to non-smooth cut-offs by 


a geometric regularization, and is the first main result of this paper. 


Theorem 1.1. Let / : M — )■ M 6e o/ Schwartz class. Then there is a square-integrahle, 
infinitely differentiable function 0/ : r\G —?• C and a continuous function Ef : H_ —)■ 
[0, cx)) with Ef{e) = 0, such that for all s G [0, oo), x, a G M and h G H_, 

|S'7v(x, a; /) — 0/(rn+(a;, Q;)h<h®) | < Ef{h), (1.8) 

where N = e^/^. 


Of special interest is the choice h = e, since then SN{x,a;f) = e^^^Qf{Tn{x,a)^^). 
As we will see. Theorem 0 holds for a more general class of functions, e.g., for G^ 
functions with compact support (in which case 0/ is continuous but no longer smooth). 
For more singular functions, such as piecewise constant, the situation is more complicated 
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and we can only approximate Si\f{x, a) for almost every h. We will make the assnmptions 
on h explicit in terms of natnral Diophantine conditions, which exclnde in particnlar 
h = e. 


Theorem 1.2. Let x be the indicator function of the open interval (0,1). Then there is 
a square-integrable function 0^ : r\G —)■ C and, for every x eM., a measurable function 
Ef, : H_ —)■ [0, cxd) and a set C H_ of full measure, such that for all s E [0, cxd), 
x, a G M and h E , 


|5jv(a;,a) -e"/^0^(rn+(a:,a)h<h*)| < 


(1.9) 


where N = . 


This theorem in particnlar implies the approximate fnnctional eqnation (1.2), see 
Section 13.51 

The central part of onr analysis is to nnderstand the continnity properties of 0;^ and 
its growth in the cnsps of r\G', which, together with well known resnlts on the dynamics 
of the flow r\G —)■ r\G, Tg i—>■ T^fd)^, can be nsed to obtain both classical and new 
resnlts on the valne distribntion of S]\f{x,a) for large N. The main new application 
that we will focns on is an invariance principle for SN{x,a) at random argnment. A 
natnral setting wonld be to take x G [0, 2], a G [0,1] nniformly distribnted according to 
Lebesgne measnre. We will in fact stndy a more general setting where a is hxed, and 
is replaced by an arbitrary qnadratic polynomial P{n) = + Cin + Cq, with real 

coeffcients cq, ci. The resnlting theta snm 


N 


Sn{x) = Sn{x; P, a) = e {P{n)x + an ), 


( 1 . 10 ) 


n=l 


is not necessarily periodic in x. We thns assnme in the following that x is distribnted 
according to a given Borel probability measnre A on M which is absolntely continnous 
with respect to Lebesgne measnre. 

Let us consider the comp lex-valued curve [0,1] —)• C dehned by 

te^XN{t) = ^%^j(x) + ^^(%ivj+i(2:) - ^pjvj(a;)). (1.11) 

Figure shows examples of Xj\f{t) for hve randomly generated values of x. 

Consider the space Cq = Co([0, 1], C) of complex-valued, continuous functions on [0, 1], 
taking value 0 at 0. Let us equip Cq with the uniform topology, i.e. the topology induced 
by the metric d{f,g) := ||/ - g\\, where ||/|| = sup^gjo^i] \ f{t)\. The space (Co,d) is 
separable and complete (hence Polish) and is called the classical Wiener space. The 
probability measure A on M induces, for every N, a probability measure on the space Cq 
of random curves t ^ X]sf{t). For hxed t E [0, 1], Xjsf{t) is a random variable on C. The 
second principal result of this paper is the following. 
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Figure 1: Curlicues for five randomly chosen x, and a = Cq = 0, Ci = v2. The color ranges from red at f = 0 to 

blue at t = 1. 










Theorem 1.3 (Invariance principle for quadratic Weyl sums). Let X be a Borel proba¬ 
bility measure on M which is absolutely continuous with respect to Lebesgue measure. Let 
Cl, Co, a G M be fixed with („) ^ Q^. Then 

(i) for every t G [0,1], we have 


lim Var(X 7 v(t)) = t; (1-12) 

N^oo 

(a) there exist a random process t ^ X(t) on C such that 

Xf^it) as N ^ oo, (1-13) 

where denotes weak convergence of the induced probability measures on Co- 
The process t ^ X(t) does not depend on the choice of \, P or a. 

The process X(t) can be extended to arbitrary values of t > 0. We will refer to it as 
the theta process. The distribution of X(t) is a probability measure on Co([0, cx)), C), and 
by “almost surely” we mean “outside a null set with respect to this measure”. Moreover, 
byX Y we mean that the two random variables X and Y have the same distribution. 

Throughout the paper, we will use Landau’s “O” notation and Vinogradov’s 
notation. By “/(x) = 0{g{x))” and “/(x) g{x)” we mean that there exists a constant 

c > 0 such that |/(a;)| < c\g{x)\. If a is a parameter, then by “Oa” and “<^a” we mean 
that c may depend on a. 

The properties of the theta process are summarized as follows. 

Theorem 1.4 (Properties of the theta process). 

(i) Tail asymptotics. ForR>l, 

P{|X(1)| >R} = + 0(i?-M)) . (1.14) 

(%%) Increments. For every k >2 and every R < ti < t 2 < ■ ■ ■ < tk the increments 
X{tfi - X{to), Xih) - X{F), ..., X{tk) - X{tk-i) (1.15) 


are not independent. 

(Hi) Scaling. Fora>0 let Y{t) = lX{aH). Then V ~ X. 
(iv) Time inversion. Let 


Yit) ; = 


0 

tx{l/t) 


i/t = 0; 
i/t > 0. 


Then V ~ X. 


( 1 . 16 ) 
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(v) Law of large numbers. Almost surely, lim 4 _^oo “p = 0. 

(vi) Stationarity. For to > 0 let Y{t) = X(to+ t) — X{to). Then Y ^ X. 

(vii) Rotational invariance. For 9 gM. let Y{t) = Then Y ^ X. 

(viii) Modulus of continuity. For every e > 0 there exists a constant > 0 such 


that 


lim sup sup 

/i4,0 0<t<l-h 


\X{t + h)-X{t)\ 

y^(log(l//l))V4+s 




(1.17) 


almost surely. 

(ix) Holder continuity. Fix 9 < ^. Then, almost surely, the curve t h->■ X{t) is 
everywhere locally 9-Hdlder continuous. 

(x) Nondifferentiability. Fix to > 0. Then, almost surely, the curve t X{t) is 
not differentiable at to. 


Remark 1.1. Properties (i, ii, vii) allow us to predict the distribution of |XAr(t)|, 
Re(Xjv(t)), and Im(X 7 v(t)) for large N. See Figurej^ Our approach in principle permits 
a generalization of Theorems 1.3 and 1.4 to the case of rational („) G Q^, however, 
with some crucial differences. In particular, the tail asymptotics would now be of or¬ 
der R~^, and stationarity and rotation-invariance of the process fail. In the special 
case Cl = a = 0, a limiting theorem for the absolute value |XAr(l)| = iV“^/^|S'Ar(x)| 
was previously obtained by Jurkat and van Horne 1251, |2g, 121 with tail asymptotics 
^ ^ (see also [H Example 75]), while the distribution for the complex random 

variable Xiv(l) = N~^^‘^Sn{x) for was found by Marklof |32]; the existence of hnite- 
dimensional distribution of of the process t h-)■ S'pArj(x) was proven by Cellarosi [10], [9]. 
Demirci-Akarsu and Marklof PI, PI have established analogous limit laws for incom¬ 
plete Gauss sums, and Kowalski and Sawin [29| limit laws and invariance principles for 
incomplete Kloosterman sums and Birch sums. 


Remark 1.2. If we replace the quadratic polynomial P{n) by a higher-degree polyno¬ 
mial, no analogues of the above theorems are known. If, however, P{n) is replaced by 
a lacunary sequence P{n) (e.g., P{n) = 2'^), then X^it) is well known to converge to a 
Wiener process (Brownian motion). In this case we even have an almost sure invariance 
principle; see Berkes [T] as well as Philipp and Stout |3n|- Similar invariance princi¬ 
ples (both weak and almost sure) are known for sequences generated by rapidly mixing 
dynamical systems; see Melbourbe and Nicol 1321 , Gouezel 1201 and references therein. 
The results of the present paper may be interpreted as invariance principles for random 
skew translations. Griffin and Marklof [21] have shown that a hxed, non-random skew 







Figure 2: The value distribution for the real part of Xjv(l), N = 10000. The continuous 


-)■ 


curve is the tail estimate for the limit density —||^P{ReX(l) > a;} ~ 1^ 

oo. This formula follows from the tail estimate for |X(1)| in (1.14) by the rotation 
invariance of the limit distribution. 


translation does not satisfy a standard limit theorem (and hence no invariance princi¬ 
ple); convergence occurs only along subsequences. A similar phenomenon holds for other 
entropy-zero dynamical systems, such as translations (Dolgopyat and Fayad |ll]), trans¬ 
lation flows (Bufetov [S]), tiling flows (Bufetov and Solomyak [7]) and horocycle flows 
(Bufetov and Forni [6]). 


Remark 1.3. Properties (i) and (ii) are the most striking differences between the theta 
process and the Wiener process. Furthermore, compare property (viii) with the following 
result by Levy for the Wiener process W(t) [30] : almost surely 


lim sup sup 

/i4.0 0<t<l-h 


\W{t + h) -W{t)\ 

A/2hlog(l//i) 


1 . 


(1.18) 


All the other properties are the same for sample paths of the Wiener process. This 
means that typical realizations of the theta process are slightly more regular than those 
of the Wiener process, but this difference in regularity cannot be seen in Holder norm 
(property (ix)). Figure compares the real parts of the hve curlicues in Figure]^ with 
hve realization of a standard Wiener process. 


Remark 1.4. The tail asymptotics (1.14) shows that the sixth moment of the limiting 
distribution of X 7 v(l) = does not exist. In the special case P{n) = with 

X G [0,2] and a G [0,1] uniformly distributed, the sixth moment |S'Ar(a;a;)|®da;da 

yields the number Q{N) of solutions of the Diophantine system 


2 , 2,2 2 , 2,2 

Xi p X2 X^ — Vl 1/2 1/3 

Xi+ X 2 + Xs = yi+y 2 + 2/3 


(1.19) 
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Figure 3: Top: t h-)■ Re(X 7 v(t)) for the five curlicues {X 7 v(f)}o<t<i shown in Figure 
Bottom: five sample paths for the Wiener process. 
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with l<Xi,yi<N {i = 1,2,3). Bykovskii [H] showed that Q{N) = ^poN^logN + 
0{N^) with 


Po 


OO OO 


— OO —OO 


1 

J e{uw‘^ 

0 


6 


zw)dw 


dzdu. 


( 1 . 20 ) 


Using a different method, N.N. Rogovskaya [H] proved Q{N) = ^N^\ogN + 0{N^), 
which yields (without having to compute the integral (1.20) directly) po = §• As we will 
see, the integral in (1.20) also appears in the calculation of the tail asymptotics (1.14). 
The currently best asymptotics for Q{N) is, to the best of our knowledge, due to V. 
Blomer and J. Briidern |1]. 


Remark 1.5. A different dynamical approach to quadratic Weyl sums has been devel¬ 
oped by Flaminio and Forni [18]. It employs nilflows and yields effective error estimates 
in the question of uniform distribution modulo one. Their current work generalizes this 
to higher-order polynomials [121, and complements Wooley’s recent breakthrough [4U] . 
HU. It would be interesting to see whether Flaminio and Forni’s techniques could pro¬ 
vide an alternative to those presented here, with the prospect of establishing invariance 
principles for cubic and other higher-order Weyl sums. 


This paper is organized as follows. In Section we define complex-valued Jacobi 
theta functions, and we construct a probability space on which they are dehned. The 
probability space is realized as a 6-dimensional homogeneous space F\G. Theorem O 
is proven in Section 2.11 and is used in the proof of Theorem 1.2, which is carried 


out in Section This section also includes a new proof of Hardy and Littlewood’s 
approximate functional equation (Section 3.5) and discusses several properties of the 
automorphic function 0^. In Section]^ we hrst prove the existence of hnite-dimensional 
limiting distribution for quadratic Weyl sums (Section 4.2) using equidistribution of 
closed horoycles in F\G under the action of the geodesic flow, then we prove that the 
hnite dimensional distributions are tight (Section 4.3). As a consequence, the hnite 
dimensional distributions define a random process (a probability measure on Cq), whose 
explicit formula is given in Section 4.4 This formula is the key to derive all the properties 


of the process listed in Theorem 1.4 Invariance properties are proved in Section 4.5 


continuity properties in Section 4.6 
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2 Jacobi theta functions 


This section explains how to identify the theta sums Sn{x, a; /) in (1.5) with auto- 
morphic functions 0/ on the Jacobi group G, provided / is sufficiently regular and of 
rapid decay. These automorphic functions arise naturally in the representation theory 
of SL(2,M) and the Heisenberg group, which we recall in Sections 2.1-2.4 The variable 
logA^ has a natural dynamical interpretation as the time parameter of the “geodesic” 
flow on G, whereas {x, a) parametrises the expanding directions of the geodesic flow 
(Section |2.5[ ). Section 2.7 states the transformation formulas for 0y, which allows us to 
represent them as functions on P\G, where P is a suitable discrete subgroup. Sections 


2.8 -2.10 provide more detailed analytic properties of 0/, such as growth in the cusp and 
square-integrability. The proof of Theorem |1.1 is based on the exponential convergence 


of nearby points in the stable direction of the geodesic flow (Section 2.11). 


2.1 The Heisenberg group and its Schrddinger representation 

Let uj be the standard symplectic form on a;(^, = xy'—yx', where ^ = (y) ,$' = 


(). The Heisenberg group ]HI(M) is dehned as x M with the multiplication law 

(«. *)(«'. 0 = {i+e,t + t'+ r)). ( 2 . 1 ) 

The group ]HI(]R) dehned above is isomorphic to the group of upper-triangular matrices 



x,y,ze 


with the usual matrix multiplication law. The isomorphism is given by 

'’1 X t + \xy'' 


( 2 . 2 ) 


,t !->■ 



y 

1 


(2.3) 


The following decomposition holds: 

^x\ \ ((X 


= 


,0 


y 


,0 


o\ ^ ^ 
0 / ’ 2 


(2.4) 
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The Schrodinger representation W of EI(M) on L^(M) is defined by 



w 


w 


w 


e(xw)f(w), 

e(t)id, 


(2.5) 

( 2 . 6 ) 

(2.7) 


with X, y,t,w E M. 

For every M E SL(2,M) we can dehne a new representation of EI(M) by setting 
All such representations are irreducible and unitarily equivalent. 
Thus for each M E SL(2,M) there is a unitary operator R{M) s.t. 

t)R{M)-^ = t). (2.8) 


R{M) is determined up to a unitary phase cocycle, i.e. 


R{MM') = c{M,M')R{M)R{M'), 


with c{M.M') E C, |c(M,M')| = 1. If 


Ml 


/ai bA 
yci di) 


Ms 



(a, 

\C3 di/ 


(2.9) 


( 2 . 10 ) 


with M1M2 — A/3, then 

c(Mi, Ms) = e-*" sgn(ciC2C3)/4_ ^2.11) 

R is the so-called projective Shale-Weil representation o/SL(2,M), and lifts to a true 
representation of its universal cover SL(2,M). 


2.2 Definition of SL(2,M) 

Let := {'ii' G C : Im(tc) > 0} denote the upper half plane. The group SL(2, M) acts 
on by Mobius transformations z gz := where g = (A) ^ SL(2,M). Every 
g E SL(2,M) can be written uniquely as the Iwasawa decomposition 

where 



and z = x + iyES^,(l)^ [0; 27r). This allows us to parametrize SL(2, M) with S) x [0,27r); 
we will use the shorthand (z, 0) := nxOyk^. Set eg{z) = (cz -1- d)l\cz -1- d\. The universal 
cover of SL(2,M) is dehned as 

SL(2,M) := {[gAg] ■ 9 ^ SL(2,M), fig a continuous function on Sj s.t. = eg{z)}, 

(2.14) 
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and has the group structure given by 

[9,P]][h,lih\ = [aKI^lhl I3ghiz) = I3lihz)+I3l{z), (2.15) 

[9,Pg]~^ = [9~\P'g-i], (5'g-^{z) = -(5g{g-^z). (2.16) 

SL(2,M) is identihed with x M via [g^l^g] i—t (2^,0) = {9h l3gii)) and it acts on x M 


via 


[9.A1(2.<#') = (92,'#’ +A(9))- 


(2.17) 


We can extend the Iwasawa decomposition (2.12) of SL(2,M) to a decomposition of 


SL(2,M) (identihed with Sj x M): for every g = [g^fig] G SL(2,M) we have 

9 = [9./3j,] = = K,0]|a„0||l;.j,/3t |. 


(2.18) 


For m E N consider the cyclic subgroup Zm = ((—1,/3-i)”*), where /3-i{z) = tt. In 
particular, we can recover the classical groups PSL(2,M) = SL(2,M)/Zi and SL(2,]R) = 
SL(2,M)/Z2. 

2.3 Shale-Weil representation of SL(2,M) 

The Shale-Weil representation R of dehned above as a projective representation of 
SL(2,M) lifts to a true representation of SL(2,M) as follows. Using the decomposition 


(2.18), it is enough to dehne the representation on each of the three factors as follows 


(see [SI]): for / G L^(]R) let 

[R{hx)f] {w) = [R{nx)f] (w) := e{\w‘^x) f{w), (2.19) 

[R{ay)f] (w) = [Riay)f] (w) := (2.20) 

f{w), if 0 = 0 mod 271, 




[R{k^)f]{w) = < 


sin01 ^ 


I (tc^ -|- w'"^) cos 0 — ww' 


smi 


if 0 = TT mod 27r, 

f{w')dw', if 0 ^ 0 mod vr, 

( 2 . 21 ) 


and R{k^) = e{—a(p/8)R{k^). The function 0 i-)- cr^ is given by 

2z/, if 0 = UTi, z/ G Z; 


( 2 . 22 ) 


2^ + 1, if z/TT < 0 < (z/ -|- l)7r, z/ G Z. 
and the reason for the factor e{—a^/8) in the dehnition of R{kP) is that for / G 5(M) 

lim [R{k^)f] {w) = e{±l)f{w). (2.23) 
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Throughout the paper, we will use the notation = [R{k^)f]{w). More explicitly, 

the Shale-Weil representation of SL(2,M) on L^(M) reads as 

[R{z,(j))f]{w) = [R{h^)R{ay)R{k^)f]{w) = (2.24) 

where z = x + iy E and (/> G M. 


2.4 The Jacobi group and its Schrddinger-Weil representation 

The Jacobi group is defined as the semidirect product 

SL(2,M)Ke(M) (2.25) 


with multiplication law 

{g-, ^, C)C') = {gg'^ ^ + gi'^ C + C' + i^^(^, gi')) ■ (2.26) 

The special affine group ASL(2,]R) = SL(2,]R) k is isomorphic to the subgroup 

SL(2,M) K (M^ X {0}) of the Jacobi group and has the multiplication law 

{g-,i){g'-.i') = {gg-.i + gi'))- (2.27) 


For SL(2,M) 3 g = n^Oyk^ = {x + iy,(j)) E Sj x [0, 27r) let R{g)f := R{n^)R{ay)R{k^)f. 

(2.28) 


If we rewrite (2.8) as 
then 


R{g)W{tt) = W{gtt)R{g), 


R{g;tt) = W{tt)R{g) 


(2.29) 


defines a projective representation of the Jacobi group with cocycle c as in (2.11). It 
is called the Schrddinger-Weil representation. For SL(2,]R) 3 [g,(dg] = Uxdyk^ = {x -\- 
iy, 0) G b X M, we dehne 


R{z,<p-tt) = W{tt)R{z,<P), 

and we get a genuine representation of the universal Jacobi group 

G = SL(2,M) X e(M) = (b X M) X e(M), 


(2.30) 


(2.31) 


having the multiplication law 


(l9./3d;«.0([9'./3p;«',C') = (|g9'./?;y;« + 9«',C + C' + M«.9«')). (2.32) 


where P'Zi^) — 
wA] {ll)X) by 


(3g{g'z) + (3gi{z). The Haar measure on G is given in coordinates (x + 




dx dy d(j) d .^1 d .^2 d^ 

y2 


(2.33) 
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2.5 Geodesic and horocycle flows on G 


The group G naturally acts on itself by multiplication. Let us consider the action 
by right-multiplication by elements of the 1 -parameter group {<h* : t E M} (the geodesic 
flow), where 




e -*/2 0 

0 e ‘/2 


,0 


;0,o 


(2.34) 


Let and be the unstable and stable manifold for respectively. That is 


= {g E G ■. ^ e as s —)■ cxd}, 

H_ = {g E G -E e as s —)■ cxd}. 


A simple computation using (|2.32|) yields 
= 


H_ = 


1 X 
0 1 

1 0 
u 1 


,0 

, arg(M ■ -f 1 ) 


, 0 ) : x,a E 
0 




,0 : U,I3 E 


(2.35) 

(2.36) 


(2.37) 

(2.38) 


We will denote the elements of 77+ by nGx,a) (see the Introduction) and those of i7_ 
by n_{u,fl)- We will also denote by 


47 ^ = n+G, 0 ) 


1 X 
0 1 


,0 


;0,o 


the horocycle flow corresponding to the unstable a:-direction only. 


(2.39) 


2.6 Jacobi theta functions as functions on G 

Let us consider the space of functions / : M —)■ M for which has some decay at 
inhnity, uniformly in 0 : let us denote 

K^(/) = sup |/ 0 (u;)|(l + Iwl)^. (2.40) 

w,4> 

and dehne 

5^(M) := {/ : M -)■ M I K^f) < oo} , (2.41) 

see [35]. It generalizes the Schwartz space, since iS(M) C 5r,(M) for every rj. For g E G 
and / E 5^(M), rj > 1, dehne the Jacobi theta function as 

%(s) - (2-42) 

nGZ 

More explicitely, for g = {z, 0; (), 

QfG, 0 ; C) = e{\{n- G)‘^x + <i), (2.43) 

nGZ 
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where z = x + iy, $, = (|^) and = R{i,(j))f. In the next section we will show that 
there is a discrete snbgronp F < G, so that Qf{'yg) = 0/(5') for all 7 G F, 5 ' G G. The 
theta fnnction 0/ is thns well defined as a fnnction on F\G. 


For the original theta snm (1.10) we have 


Sn{x) = y + iy, 0; , cqx), 


(2.44) 


where y = N ^ and / = l(o,i] is the indicator fnnction of (0,1]. Here Qf{z, 0; () is well 


defined becanse the series in (2.43) is a finite snm. The same is trne for Qf{z, (j); 


when 0 = 0 mod vr by (2.21). However, for other valnes of 0, the fnnction /(/(tc) decays 
too slow as |tc| —)■ cx) and we have / 0 5r,(M) for any rj > 1. For example, for 0 = 7r/2, 


U/2{ 


w) = e 4 


^ — 27Tiww' 


1 / ^ 


^—27riw 


2ttw 


(2.45) 


and the series (2.43) defining 0^(;2,7r/2; (C) does not converge absolntely. This illns- 

trates that QfXXX'XX)) xusij not be well-defined for general (^,0;^,(C) and 7 G F. 
We shall show in Section how to overcome this problem—the key step in the proof of 
Theorem 11.21 


2.7 Transformation formulae 

The pnrpose of this section is to determine a snbgronp F of G nnder which the Jacobi 
theta fnnction Qf{z,(j)'X,C) is invariant. Fix / G Srj, rj > 1. We have the following 
transformation formnlae (cf. [34]h 


0/( -p0 + arg^; ) ,( ) =e 


0/ I 2 ; + 1, 0, 


0 + F bf!0.c+|) =8nj.'(>.«.c) 


(2.46) 


(2.47) 


0 y VO 1/ V 6 / 4 

Qf{z,(j),m + ^,r+ C +^u{mX)) = , meZ^,reZ (2.48) 

Notice that 

■-'0 -1' 


-p0-7argz; ) ,C ) = 


1 0 


,arg 


; 0,0 ) {zX'XX) 
= (0 ^JO’O) (2,0;^,C). 


(2.49) 


In other words, (2.46) describes how the Jacobi theta fnnction 0/ transforms nnder 
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left multiplication by (i, 0 , O). Define 



(2.50) 

(2.51) 

(2.52) 

(2.53) 

(2.54) 


Then (2.46, 2.47, 2.48) imply that for i = 1,... ,5 we have Qfi'jig) = Qf{g) for every 
g & G. The Jacobi theta function 0/ is therefore invariant under the left action by the 
group 

r = ( 71 , 72 , 73 , 74 , 75 ) < G,. (2.55) 


This means that 0/ is well defined on the quotient r\G. Let Tq be the image of T under 
the natural homomorphism cp : G ^ GjZ ~ ASL(2,M), with 


Z = {(1, 27rm; 0, C) : m G Z, G M}. (2.56) 

Notice that Tq is commensurable to ASL(2,Z) = SL(2,Z) x 1?. Moreover, for hxed 
{g,i) e To we have that {([s',C) e T : ( 5 -,^) G Tq} projects via {[g, (3g];^X) ^ 
{f3g{i),() G M X M onto {(/^^(i) + /cvr, | + /) : k,l E 7^} since hxes the point {gX)- 
This means that T is discrete and that r\G is a 4-torus bundle over the modular surface 
SL(2,Z)\i5. This implies that r\G is non-compact. A fundamental domain for the 
action of T on G is 


-^r = {(a 0;^,C) e J-SL(2.Z) X [0,7r) X [-1,1)2 X [-1,1)}, (2.57) 

where J^sl( 2 ,z) is a fundamental domain of the modular group in Sj. The hypebolic area 
of -Tsl( 2 ,z) is |, and hence, by (2.33), we hnd /u(r\G) = /u(J^r) = 


2.8 Growth in the cusp 


We saw that if / G 5,;(M) with 7 > 1, then 0j is a function on r\G. We now observe 
that it is unbounded in the cusp y > 1 and provide the precise asymptotic. Recall (2.40). 

Lemma 2.1. Given ^2 G M, write ^2 = 'rn + 6, with m G Z and — \ < 9 < 1. Let rj > 1. 
Then there exists a constant Gg such that for f G Sg{R), y >\ and all x, cj), (, 


0/(x -t- iy, 0; C) - y^^^e (C + 


(m — 9)fi + 0‘^x 




(2.58) 
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Proof. Since the term in jgfi; hand side of (2.58) 

comes from the index n = m, it is enough to show that 


Indeed, 


-6)2/2) e(f(n-^2)^x + <i) 

n^m 


< C,K.,(/) 


(2.59) 




n^m 
< 


s(/) 


= K, 


'Y^ ( i\'^ 

ni^m (^1 + |n - 6I2/2 J 

1 


U)y-^'^Y 


< E|/^((’^-^ 2 ) 2 /^)| (2.60) 

n^m 

1 

{y-P^ + \n - m - 9\y 


= 


my-^'"Y 


n^O 


(1/-1/2 -\- \n — 9\y 


n^m 

<c,n(/) 


(2.62) 


□ 


Lemma 2.1 allows us derive an asymptotic for the measure of the region of r\G where 
the theta function 0/ is large. Let us dehne 


(2.63) 


D{f) '■= j j l/<>(^)l®d0d'«;. 

— 00 0 


Lemma 2.2. Given y > 1 there exists a constant K^j > 1 such that, for all f G 

R > 


Mg e r\G : |e/(g)| > R}) = -£>(/)fl-'(i + OMiiffR'"”)) 

where the implied constant depends only on rj. 


(2.64) 


Proof. Recall the fundamental domain in (2.57), and dehne the subset 


Tt= {ix + iy,(p;^X) -xe [-|,|), y > T, 0e x[ 0 , 7 r),^ G [-|, |)^ C e [-|,|)}. 

(2.65) 

We note that J^i C iFr P -^ 1 / 2 - To simplify notation, set k = CrjUrji^f). We obtain an 


upper bound for (2.64) via Lemma 2.1 


y{{g G r\G : \Qj{g)\ > R}) < y{{g G : |0/(2/)l > R}) 

< y{{g G Ri /2 : y^^yU{-9y^^^)\ + > R}). 

( 2 . 66 ) 
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In particular, we have + y > R/k and y > ^, and hence y > Cri{R/RY for a 

sufficiently small c,, > 0. Thus 

M{^?er\G: | 0 ;(^ 7 )|>i?}) 

< y{{g e J- 1/2 : y''VY-(^y"'^)\ + > R}). (2.67) 

The same argument yields the lower bound 

y{{g e V\G : \Qf{9)\ > R}) > K{9 e Ri : |0/(<7)| > i?}) 

> y{{g G J-i : yRVY-dy^^")\ “ Rf^-^ > R}). (2.68) 


The terms in (2.66) and (2.68) are of the form 


/t(A) = y{{g e Rt ■ 2 /^^^|/<^(-%^^^)| > A}), (2.69) 

where T = f or 1 and A = R — RY^~^ or R + 

respectively. We have 


/t(a) = / dc / d^i / dx / d 0 / de 


1 _ 1 
■ 2 2 


.1 0 
2 


y>max(T,|/^(-0yl/2)|-4A4) 


(2.70) 

y2 


By choosing the constant 77^ sufficiently large, we can ensure that A > k,,(/) > Ki/ 2 (/) = 
^^Pw,^\f 4 >{'>^)\Y+\'w\yR- ThenT < |/ 0 (- 6 '|/^A)|- 4^4 i > |y;||/^(y;)|2A-2^ and using 
the change of variables y ^ w = —Oy^/"^^ we obtain 


/t(A) = 2 


/ 0 

r dtc r 




e^de + 


dw 


\w\ 


0 \ 

eMe d0 


0 \^oo 

TT OO 


0 


3A6 



\fYw)fdw d(j), 


0 —OO 


where A'^ = R-^{l + O^ii^/RfY)- 

2.9 Square integrability of 0/^ for / G L^(M). 


(2.71) 


(2.72) 


□ 


Although we dehned the Jacobi theta function in ( \2A2\ |2.43 ) assuming that / is 
regular enough so that f^w) decays sufficiently fast as |tc| —>■ oo uniformly in 0 , we 
recall here that 0 / is a well dehned element of L^(r\G) provided / G 


Lemma 2.3. Let fi, f 2 , fs, : M —)■ C be Schwartz functions. Then 

1 


p(r\G) 


^hi9)Qf2i9)dy{g) = / fiiu)f2iu)du 


(2.73) 


r\G 
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and 


0/i(^)0/2(^)0/3(^)0/4(^)d/i(c/) 


A(r\G) / 


fi{u)f2{u)du 



h{u)fi{u)du 



fi{u)fi{u)du 



f2{u)f‘i{u)(lu 


(2.74) 


Proof. The statement (2.73) is a particular case of Lemma 7.2 in |33], while (2.74) follows 
from Lemma A.7 in ISH. □ 


Corollary 2.4. For every f G the function Qf is a well defined element of 

L^(r\G). Moreover 


l|0/lli^(r\G)=Mr\G)||/||i.(^), (2.75) 

\\Qf\\Ur\G)=M^\G)\\f\\U^y (2.76) 


Proof. Use Lemma 2.3, linearity in each of the ffs and density to get the desired state¬ 
ments for /i = /2 = /a = /4 = /. □ 


2.10 Hermite expansion for 

In this section we use the strategy of [32j and find another representation for 0/ in 
terms of Hermite polynomials. We will use this equivalent representation in the proof of 
Theorem II.II in Section 12.111 

Let Hk be the fc-th Hermite polynomial 


Hk{t) 



^ (-l)”^(2t)^-2™ 


Consider the classical Hermite functions 


(2.77) 


hk{t) = (2''/c!aA) 2^^Hk{t). 


(2.78) 


For our purposes, we will use a slightly different normalization for our Hermite functions, 
namely 

fjkit) = (27r)4 hk{V^t) = {2^~^Hk{y/^t)e~'^^^ (2.79) 

The families {hk}k>o and {'ipk}k>o are both orthonormal bases for L^(M, dx). Following 
[32] . we can write 

OO 

/♦(() = E (2.80) 

k=0 
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where 


f{k) = {f,'ipk)L^im), (2.81) 

are the Hermite coefficients of / with respect to the basis {'ipk}k>o- The uniform bound 

\i^k{t)\ -C 1 for all k and all real t (2.82) 


is classical, see H. It is shown in m that 

((2fc +1)^/3 ^|27rf2-(2A; +1)1)+ 1 




.-7i" 


TTf^ > 2A; + 1 


(2.83) 


for some 7 > 0, where the implied constant does not depend on t or k. For small values 
of t (relative to k) one has the more precise asymptotic 




23/4 


TT 


1/4 


{{2k + 1 ) — 271^) 4 cos 


(2fc+l)(20—sin0)—TT 
4 


+ 0({2k + l)5(2fc + 1 - 2Tit^)-i^ 


(2.84) 


where 0 < < {2k + 1)2 — {2k + 1) e and 6 = aTccos{^y/^t{2k + 1) ^/^). It will be 

convenient to consider the normalized Hermite polynomials 


Hk{t) = {2’^-h\)-^/^Hk{V^t) 
since they satisfy the antiderivative relation 

[ Hk{t)dt={27r)-"^- 


(2A: + 2)V2- 

Lemma 2.5. Let / : M —)■ M &e 0 / Schwartz class. For every k > 0 

1 


\fik)\ «. 


1 + 


for every m > 1; 


(2.85) 


( 2 . 86 ) 


(2.87) 


Proof. We use integration by parts, 


( 2 (r) j !{t)e Ht{t)dt + 2 ) 1/2 (24 + 2 ) 1/2 


where L is the operator 


(L/)(f)e-"* Hk+i{t)dt, 
( 2 . 88 ) 


{Lf){t) = f{t)-27rtf{t). (2.89) 

Since the function / is rapidly decreasing, the boundary terms vanish. Since Lf is also 
Schwarz class, we can iterate (2.88) as many times as we want. Each time we gain a 
power This fact yields (|2.87). □ 
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The following lemma allows us to approximate by / when 0 is near zero. We 
will use this approximation in the proof of Theorem |1.1 We will use the shorthand 

Lemma 2.6. Let / : M —)■ M &e 0 / Schwartz class, and a > 0. Then, for all |0| < 1, 
t eR, 


Sf{(j),t) <0 


101 


Proof. Assume 0 > 0, the case 0 < 0 being similar. Write 

^-*(2fc+l)0/2 = i^o{k(j)Al) 


and by (2.80) we get 


(2.90) 


(2.91) 


£,(<!>,() = o( ^|/(*:)(1;.)>A 1)V4(«) 


,k=0 


0(0 k\f{k)%lJkit)\\ +o{ ^ |/(/c)V’fc(^)| 


0<k<l/<p 




If 1/0 < then by (2.83) 


0 fc|/(fc)0fc(t)| < 0 /c|/(fc)|e < 0e 

O<fc<l/0 0<fc<l/(/) 


and, by 


\f{k)f)k{t)\ < ^ 

/cM/?) \l4,<k<rP^ 


+ E l/WI ((2*^+1)'''“+12*^+l-ir(^l) 


- 1/4 


k>'^ 


^^ 2 _iX-(-+l) 


<. 0 e-^* + 

<Co- 0e + 0(1 + 01'^) ^ 0(1 + |f|^) 

If, on the other hand, 1/0 > then 


0 X] /^|/(fc)0fc(t)| < 0 5]] ^l/(^)h 


,-7i" 


O<fc<l/0 


0 <fc <2 


(2.92) 


(2.93) 


(2.94) 


+ 0 ^ fc|/(/c)| ((2/c + 1)^/^ + |2/c + 1 - vrt^l) (2.95) 


-<fc<i /0 


<^ 0 - 0e + 0(1 + 01°^) ^ <Co- 0(1 + |t0) 


(J\ —1 
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and 


l/WV'i(«)l « 

k>l/<j) k>l/(j) 


Combining (2.92, 2.93, 2.94, 2.95, 2.96) we get the desired statement (2.90) 


(2.96) 

□ 


2.11 The proof of Theorem |1.1| 


Recall the notation introduced in Section |2.5 The automorphic function featured in 
the statement of Theorem 0 is the Jacobi theta function defined in ( |2.42| ). 


Proof of Theorem 1.1. The fact that 0/ G C“(r\G) for smooth / follows from (2.80) 
and the estimates for the Hermite functions as shown in [52], Section 3.1. Let us then 
prove the remaining part of the theorem. Recall that 

Sn{x, a; /) = e“®/'^0/(x + ie“*, 0; (q) , O) = e'^'^^0/(n+(x, (2.97) 

where N = e®/^. Notice that 


n+(a;,«)/!_(«,/3)<h® = (x + 


u 




_t_ 2 - 


e"*® + u 


2 ,arctan(ne ®), ( j ^-q-^ ) . 




(2.98) 

We need to estimate the difference between 0/(n+(a:, a)n_{u, /?)$*) and 0/(n+(a:, a)<h^) 
and show it depends continuously on n_{u, (3) G i7_. To this extent, it is enough to 
show continuity on compacta of and therefore we can assume that u and f3 are both 
bounded. To simplify notation, we assume without loss of generality u > 0. In the 
following, we will use the bounds 




q2s _j_ y2 


1/4 


1/2 


y/N 


+ 0 


u 


iV9/2 


AT ^ ^ ( iV5 


(2.99) 

( 2 . 100 ) 


and 


e( -(n - (3^ \ x + 


u 


qIS _j_ 


+ n{a + xl3) — -xl3‘ 


= e I -n X + na 




( 2 . 101 ) 


where all the implied constants are uniform for > 1 and for n_{u, f3) in compacta of 


7/_. From (2.98) we get 


0/(?7,+ (x, a)n_{u, /3)<F®) = e ( -a/3 — -(« + x(3)(3 


X 


^ ^ /'arctan/tie ‘’) j (p /3) 




e 2 s _|_ y2 


q2s _j_ y2 
2 


e -{n - l3) [x + 


u 


2' ' ^ V e^^ + 


+ ?7,(q! + x/3) 

( 2 . 102 ) 
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By using (|2.99|) and (|2.101|), we obtain 

1 


Qf{n+{x,a)n_{u, /3)^^) = 


^/N 


+ 0 


X 


E 


/ (n-P) 


q2s _|_ ^2 


+ ^/farctan(^^) ,{n- (3) 


g2s _|_ 


1 / 2 ^ 


X e ( + na\ (1 + 0 


un 


A 1 


(2.103) 


where Sj is as in Lemma 2.6 We claim that 


(3) 


nGZ 


nEZ 


e2s _|_ y2 

1 
2 


e -n X + na 




iV3 ) 


(2.104) 


Indeed, by the Mean Value Theorem, the fact that / G 5(M), and (2.100), we have 

l/ 2 ^ 

E|/(("-« 


nEZ 




n^'L 




«Ei/'MI(o(4)+o 




N 


u^n 

w 


= o(ffl + o(E 


(2.105) 


where r = t{u, (3] n, N) belongs to the interval with endpoints ^ and (n — f3) ( 


2 xV 2 


and the implied constants are uniform in N and in u, (3 on compacta. This proves (2.104). 
We require two more estimates. The first uses (2.100): 


/ {n-P) 


E 

nEZ 

U v“^ 

< A7 / 

N ^ 


q2s _|_ ^2 


\n\<N‘^ ! y/u 


/( — 


o 


n \ 2 1 

n) N 


un 


A 1 


= 01^1+0 


f oo ^ 

N j \f{x)\dx 

\ N/^ j 


E 

\n\>N^ / y/u 




/( — 


(2.106) 


The second one uses ( |2.90[ ) and ( |2.99( |2.100[ ) : 
e® 


■C 


e 2 s y2 

1 u 


1/4 


T/ j arctan 


nEZ 




e2s _|_ .^2 


1 / 2 ^ 




E 


neZ 1 + ( ^ 


= 0 




iV3/2 


(2.107) 


25 








































Now, combining (2.104, 2.106, 2.107), we obtain 


0/(n+(a;,a)n_(«,/?)<!>") = 0/(n+(a;, «)<!'*) + 


(2.108) 


This implies (1.8) with Ef{n_{u, (3)) = C (|^| + |/9|) for some positive constant C. □ 


3 The automorphic function 0 


X 


We saw in Corollary 2.4 that 0/ is a well dehned element of L^(r\G) if / G T^( 

In this section we will consider the sharp cut-off function / = x = l(o,i) ^ind hnd a 
new series representation for 0^ by using a dyadic decomposition of the cut-off function 


(Sections 3.1-3.2). We will find an explicit T-invariant subset D G G, dehned in terms 


natural Diophantine conditions (Section 3.3), where this series is absolutely convergent. 
Moreover, the coset space r\D is of full measure in r\G'. After proving Theorem 1.2 in 


Section |3.4[ we will show how it implies Hardy and Littlewood’s classical approximate 
functional equation ( 1.2[ ) (Section |3.5 ). Furthermore, we will use the explicit series 
representation for 0^ to prove an analogue of Lemma 


2.2 


(Theorem 3.13 


in section 


3.6). 


A uniform variation of this result is shown in Section 13.71 


3.1 Dyadic decomposition for 0^ 

Let X = 1(0,1)- Dehne the “triangle” function. 


Notice that 


and hence 


0 


w 

^1 

■1 2] 

■6’ sJ 


72 (x- 

- -Y 

6) 

w 

e[ 

-1 
• 6’ 4i 


1-72 

0-i) 

2 

W 

e[ 

■1 11 
• 4’ 3-1 

(3.1) 

1 - 18 

0- 1) 

2 

W 

e[ 

-1 
• 3’ 2i 


18 (x- 

-ir 

W 

e[ 

1 2] 

• 2’ 3 J 


1 

fo 

W ^ 

(0, 

i) 


w) = 1 

0 

w G 

(0, 

il 

(3.2) 

\ 

1 A(m;) 

w G 


il 



^A(2^ 

j=0 


X{w) = ^ A(2^'u;) + ^ A(2^(l 

j=0 j=0 


w)). 


(3.3) 


In other words, {A(2T), A(2^''(l - •))}j-, j/>o is a partition of unity, see Figure]^ 
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 


Figure 4: Left: the functions w h->• A(w) (red) and w i—)■ A{2^w), j = 1,... ,3 (gray). 
Center: the functions w !->• (red) and w i-)- ^^qA(2'^(1 — w)) (blue). 

Right: the functions w h->• A(1 — w) (blue) and w i—)■ A(2-^(l — w)), j = 1,... ,3 (gray). 


Recall (2.18, 2.29). We have 

2^/^A(2^w) = [R(a22,;0,0)A](M;), 

2^/^A(2^(1-w)) = [R(a2n;(?),0)A_](n;), 
where A_(t) := A(—t). Thus 


OO OO 

x(i) = o,o)A|(() + (!) ,o)A_](«). 

j=0 j=0 

Let us also write the partial sums 


.7-1 

= ^2-^/^[R(d,2r,0,0)A](t), 

j=0 

j-o 

and — Xi + ,\n *. Consider the following “trapezoidal” fnnction: 


0 

w < a — e 

^(w-(a-e)r 

a — e<w<a — ^ 

1 - ^(w - af 

a — ^ < w < a 

1 

a < w < b 


b < w < b + ^ 

^(w-ib+d)r 

b+^<w<b+6 

0 

w >b + 6, 


(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 


(3.9) 
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1.0 


0.8 

0.6 

0.4 


a-E a b b+6 

Figure 5: The function w h->■ 


see Figure 

Later we will use the notation Ji = [a — e, a — e/2], J 2 = [a — e/2, a], Js = [a, 6], 
h = [b,b + 5/2], Is = [b + 5/2,b + 5] and fi = for i = 1,..., 5. The functions 

X) X^l \ Xr \ X^'^\ ^1 ^'I’e all special cases of (3.9), with parameters as in the table 

below. 



a 

b 

e 

5 

X 

0 

1 

0 

0 

(J) 

Xl 

1 


1 

1 

1 



3 

6-2-'-i 

3 

(J) 

Xr 

2 

1 - 

1 

1 

1 

3 

3-2‘^-i 

3 

6-2-^-i 

X(T 

1 

1 - 

1 

1 

1 

3-2-^”i 

3-2‘^-i 

6-2"'-i 

6-2-^-i 

A 

1 


1 

1 

1 

3 


3 

6 

3 

A 

2 


2 

1 

1 


3 


3 

3 

6 


Lemma 3.1. There exists a constant C such that 



sup 

(p,w 


(KihM (i + |™|)^<c(£-‘ + r‘) 


(3.10) 


for all e, 5 G (0,1] and 0 < a < b < 1. 

By adjusting C, the restriction of a, b to [0,1] can be replaced by any other bounded 
interval; we may also replace the upper bound on e, S by an arbitrary positive constant. 
The lemma shows in particular that G 52(M) for e, 5 > 0 and a < b. Its proof 
requires the following two estimates. 
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Lemma 3.2 (Second derivative test for exponential integrals, see Lemma 5.1.3 in [23] )• 
Let ip{x) be real and twice differentiable on the open interval {a, (5) with ip"{x) > A > 0 
on {a, (3). Let f{x) be real and let V = V^{f) + maxa<a;<^ \ where V£{g) denotes 

the total variation of f{x) on the closed interval [a, (3], Then 


3 


j e{ip{x))f{x)dx 

a 



(3.11) 


Lemma 3.3. Let f be real and compactly supported on [a,/d], with V^{f) < oo. Then, 
for every ro, 0 G M, 

|/</,(w)| < max{31/,2J}, (3.12) 

where V = V£(f) + max„< 3 ,<^ \f{x)\ and I = \f{x)\dx. 

Proof If 0 = 0 mod tt, then \f^{w)\ = \f{w)\ < V. If 0 = | mod vr, then \f^{w)\ < I. 


with A = cot (j) and we get 


If 0 < (0 mod vr) < |, let (p{x) = 


^ COS (p—wx 

sin (p 


satisfies the hypothesis of Lemma 


3.2 


\UM\ < I sin01' 


4V 


4V 


\/TT cot 0 y^7r| cos 01 


< 31/. 


(3.13) 


The case ^ < (0 mod tt) < vr yields the same bound by considering the complex con¬ 


jugate of the integral before applying Lemma 
the trivial bound 


3.2 


If I < (0 mod vr) < ^ then we have 


l/*(«’)l < Isiiii^l 2 / |/(i)|di<2 / |/(i')|di. 


(3.14) 


Combining all the estimates we get (3.12). 


□ 


Proof of Lemma \3.1\ If 0 = 0 mod tt, then \{Tp^)^{w)\ = \TfP{w)\ and the estimate 


sup 

W 


KihH (1 + kl)" = 0(1) 


(3.15) 


holds trivially. 

If 0 = I mod 27r, then by (2.21), the function /</,(w) = e{—a^/8) J^e{—ww') f {w')dw' 
is (up to a phase factor) the Fourier transform of /, which reads for w ^ 0: 


(T’iUw) = Ce(-»(5 + d))(l - e(wS/2)f - SM-a«)(l - e(wE/2))^) , 

(3.16) 


and for w = 0: {Tff)^{0) = e(-(T^/8) ^^ 2 a+ 6 +s 
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Similarly, if 0 = —| mod 27r, then /^(w) = e{—a^/K) e(ww')f(w')dw', and formnla 

(3.17) 


(3.16) holds with w replaced by —w. 
We use the bound 


|1 — e{x)\^ < 2|1 — e{x)\ < 4 :Tt\x\ 

applied to x = w6/2 and x = we/2 to conclude that, for 0 = | mod tt, 

«i™r^ 6“‘+£■') ■ 


(3.18) 


This gives the desired bound for |t(;| > 1. For |t(;| < 1, we employ instead of (3.17) 

|1 — e{x)\^ < dvr^lxl^. 


(3.19) 


which shows that \iT/'^)^{w) \ = 0 ( 1 ) in this range. 

For all other 0 (i.e. such that sin 0, cos 0 7 ^ 0) we apply twice the identity 




^9(^) 


fjv) 

9'{v) 




\9'{v)J 


dn. 


(3.20) 


where g{v) = 27ii ^ 


X 




i=i /. 



5 « 

sin 0 2 



sin 000 




3 cos^ 0 / 7 ( 1 ^) + 3 cos 0(tc — V cos0)/j(n) + (w — v cos 0)^/0(n) 

(w — V cos 0)^ 


dn 


. (3.21) 


Let us estimate the integrals in (3.21). Consider the range |tc| > 3 hrst. The bounds 


and 



V E [a — e,h + 5]] 
otherwise. 



V E [a — a], 

V E [ 6,6 + h], 
otherwise. 



V E [a — e,a\-, 

V E [b,b + 5]; 
otherwise. 


(3.22) 


(3.23) 


(3.24) 
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imply that 


^ /■ I3cos^0/.(^)l ^^. 


b+S 


dv 


i=i I 

J-1 


{w — V cos 0)"^ 


1 

«-7, 


{w — V COS 


(3.25) 


/■ |3cos0(w — f cos0)/'(i;)| 

2 ^ / ^^-^du < 


£ Mv 


i=i 


i=i; 


{w — vcos^)^ 

\r'{v)\ 


+ 


<5-Mv 


•C 


{w — V cos 0)2 


dv -C 


w —UCOS00 ' J |w — VCOS0P |w0’ 

/ 1 U /2 14^15 

(3.26) 

e~‘^dv f S~‘^dv 1/1 c In 

+ / 7 - — ^ —{e-^ + S-^). 


I 4 UI 2 

Therefore, for |t(;| > 3, we have 


(iC — fCOS0)2 J (tc — t>COS0)2 w'^ 

/ 4 U /5 


mihMl «+ S-^) 


uniformly in all variables. For |t(;| < 3 we apply Lemma 3.3, which yields 

i(r:,f)<^Hi = o(i) 


since in view of (3.23) the total variation of T^'l is uniformly bounded. 


(3.27) 

(3.28) 

(3.29) 

□ 


Corollary 3.4. The series defining ©a (s') and 0a_(5') converge absolutely and uniformly 
on compacta in G. 

Proof. We saw that A and A_ are of the form Tff with e, 5 > 0. The statement follows 
from Lemma [ 3 .11 □ 


Formulae (3.3, 3.4, 3.5) motivate the following dehnition of 0y: 


0y(^) = 5 ;] 2-l/20^(F^(a2n ; 0, 0)) + j;] (F^(l; (?), 0)(a2n ; 0, 0)). (3.30) 


j=0 


j=0 


Each term in the above is a Jacobi theta function and, by Corollary |3.4[ is F-invariant (cf. 


Section 2.7). We will show that the series (3.30) dehning 0y(5') is absolutely convergent 
for an explicit, F-invariant subset of G. This set projects onto a full measure set of F\G. 
This means that we are only allow to write ©^(Fgf) only for almost every g. Therefore 
0y is an almost everywhere dehned automorphic function on the homogeneous space 
F\G. 

3.2 Hermite expansion for A(^ 

We will use here the notations from Section 12.101 
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Lemma 3.5. Let A : M —)■ M 6 e the “triangle” function (3.1). For every k>t) 

lAwi« ^ 


1 + fc3/2 • 


(3.31) 


Proof. Repeat the argument in the proof of Lemma 2.5 with A in place of /. In this 


case we can apply (2.88) three times, and we get (3.31). 


□ 


Remark 3.1. The estimate 


3.31 


is not optimal. One can get an additional 0{k 
saving by applying (|2.84|) to the boundary terms after the three integration by parts. 


Since the additional power saving does not improve our later results, we will simply use 


(3.31) 


The following lemma allows us to approximate A^ by A when 0 is near zero. We will 


use this approximation in the proof of Theorem 1.2 in Section 3.4 


Lemma 3.6. Let A : M —)■ M &e the “triangle” function (3.1) and let Ta( 0, t) = — 

A(t)|. For every |0| < ^ and every t eM. we have 


Ta( 0 , t) < < 


(\t\ < 2 ; 
|0|3/2 


(3.32) 


U + |tp 


, |f|>2. 


Proof. Assume 0 > 0, the case 0 < 0 being similar. The estimate (3.32) for |f| > 2 


follows from the proof of Lemma 3.1 (see (3.21)) and the fact that A is compactly 


supported. Let us then consider the case |t| < 2. We get 

TA(0,t) = oj0 ^ k\A{k)^|Jk{t)\ \ +C>[ X] \Hk)f’k{t)\ 


(3.33) 


Since |0| < the inequality 1/0 > ^ is satished. Therefore, by (2.83) and Lemma 

0 ^ fc|A(fc)0fc(t)|-c 0 ^ k\k{k)\e~"'^‘' 


0<k<l/cj) 


0 <fc <2 


+ 0 ^ k\K{k)\ifflk + + \2k + I - Tit^^) 

(3.34) 


< 0 e-^*' + 0 k 


-3/4 


l<fc<l /0 


•C 0^/^ 


and 


|A(fc)0fc(f)|< Y 

k>l/(j) k>l/(p 


Combining (3.33)-(3.35) we get the desired statement (3.32). 


(3.35) 

□ 
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Remark 3.2. The statement of Lemma 3.6 is not optimal. The estimate (3.32) could 
be improved for |f| < 2 to 0{\(j)\ log(l/|(/)|) by using a stronger version of Lemma 3.5, see 


Remark m Since this improvement is not going to affect our results, we are content 
with (3.32). 


3.3 Divergent orbits and Diophantine conditions 

In this section we recall a well-known fact relating the excursion of divergent geodesics 
into the cusp of r\G and the Diophantine properties of the limit point. 

A real number u is said to be Diophantine of type (A, n) for A > 0 and k > 1 if 



q 


> 


A 


(3.36) 


for every p, g G Z, g > 1. We will denote by D{A, n) the set of such cu’s, and by D{k) 
the union of D{A, k) for all A > 0. It is well known that for every k > 1, the set D{k) 
has full Lebesgue measure. The elements of D{1) are called badly approximable. The set 
D{1) has zero Lebesgue measure but Hausdorff measure 1. 

If we consider the action of SL(2, M) on M, seen as the boundary of then for every 
K>1 the set D{k) is SL(2, Z)-invariant: 


Lemma 3.7. 


Let K>1 and u G V{k). Then for every M = (“^) G SL(2,Z), Mu = 


Proof. (This is standard.) It is enough to check that the claim holds for the generators 
(q }) and For the first one the statement is trivial. For the second, it suffices 

to show u G D{k) is equivalent to u~^ G V{k). Assume without loss of generality 
0 < o; < 1. Suppose first u~^ G D{A, n) for some A > 0. Then, for 0 < p < g. 


p 

up 

-1 q 

u - 

= - 

u - 

q 

q 

p 


Au 

> — > 


qpK 


Au 

gl + K' 


(3.37) 


For p ^ (0, g], \u — ^\ > min(a;, 1 — cu). We have thus proved u G V{k). To establish the 
reverse implication, suppose u G D(A, k) for some A > 0. Then, for 0 < g < p\u~^'\, 


-1 q 

q 

p 

u - 

— - 

u - 

p 

up 

q 


A > A 

upq!^ — ci;[ci;-i]Kpi+K 


(3.38) 


Again we have a trivial bound for the remaining range g ^ (0,p|'a; ^”1]. This shows that 
u~^ G V{k). □ 


Lemma 3.8. Let x G D{A, k) for some A G (0,1] and n >1. Define 

A /I O' 


Zs{x,u) = 


0 1 \u 1 


e -A2 0 

0 e’ 


u 

./2 / * = ^ + e2« + y2 


+ 


e2s y2 


(3.39) 
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Then, for s > 0 and m G M, 


MeSL(2,Z 


with 


w{t) ■.= i+-(t^+\t\vi+¥y 


W{ue-Y 

W{u), 

(3.40) 

1 

(3.41) 


Proof. Let us set y := e ^ < 1. The supremum in (3.40) is achieved when Mzs{x,u) 
belongs to the fundamental domain -Tsl( 2 ,z)- Then 


/o 

either — < lm{Mzs{x,0)) < 1, or lm{Mzs{x,0)) > 1. 


(3.42) 


In the hrst case we have the obvious bound lm{Mzs{x, 0)) < 1. In the second case, write 
M = (“ ^). If c = 0, then lm{Mzs{x, 0)) = y < 1. If c 7 ^ 0, 


\m{Mzs{x,Q)) = 


y 


> 1 . 


(cx + dy + c^y"^ 

This implies that (cx + dY/y < 1 and c^y < 1. The hrst inequality yields 

y > 

and therefore we have 


<kl 


y/ 


This means that 


1 < Im((“^)z) = 


y 


1 


(cx + dY + c^y‘^ c^y 


<^<A -y 




(3.43) 


(3.44) 


(3.45) 


(3.46) 


This proves the lemma for u = 0. 

Let us now consider the case of general u. Let us estimate the hyperbolic distance 
between r 2 :s(x, 0 ) and Vzs{x,u) on r\io, which is 


distr\fi(r2:s(x, u), r.^s(x, 0)) := 2nf^distij(M2:s(x, u), 2:s(x, 0)). 


(3.47) 


We compute 


distil( 2 ;^(x, m), 2 ;s(x, 0 )) = arcoshi 1 + 


(Re(^(M) — 2;(0))^ + (Im(2;(M) — 2^(0))' 


2 Im(^('u)) Im( 2 ;( 0 )) 


= arcosh ( 1 + ) , 


(3.48) 


34 







and hence 


distr\jj(r 2 ;s(a;, m), r; 2 ^(a;, 0)) < arcosh^l + 


= log (^l + + ^\u\y^/ITv^'^ 


(3.49) 


Now, 


snp lm{Mzsix,u)) < snp Ini(Mz,(a;, 

MeSL(2,Z) MeSL(2,Z) 

< snp lm{Mzs{x,0)) ( 1 + ]ru^y‘^ + ^|m|2/^4 + u^yA , 

MeSL(2,Z) \ Z Z J 

(3.50) 

and the claim follows from the case m = 0. 

We will in fact nse the following backward variant of Lemma 3.8 


□ 


Lemma 3.9. Let a: G M, m G M — {0} such that x + ^ G ^{A, k) for some A G (0,1] and 
K>1. Then, for s > 2log{l/\u\), 

fmax(;^,2) z/0 < s < 21og’^(l/|M|), 

snp lm(Mz-s{x,u)) < < ^ 7 _ _ & v /1 i;. 

MeSL(2,z) [A « e '-I^W(m) z/s > 2log+(l/|M|), 

(3.51) 

with log’'"(x) := max(logx,0). 


Proof. We have 


"tat- 


(3.52) 


3.8 


with r = s + log’''(M^). In the range s >2 log(l/|M|), we may therefore apply Lemma 
with T in place of s, and x + ;^ in place of x. 

In the range 0 < s < 21og^(l/|M|) we have Im(z_s(x,M)) = ga„ 2 !)_e-a ^ If 
Im(z_s(x, m)) > 1, then the maximal possible height is If on the other hand 

f < Im( 2 :_s(x, m)) < 1, then Im(Mz_s(x,n)) < 2 for all M G L. □ 


3.4 Proof of Theorem 1.2 


Let ns now give a more precise formnlation of Theorem 1.2 from the Introdnction. 
Theorem 3.10. Fix k > 1. For x G M, define 


P^:=\JPl Pl:=(n_(n,/3)GiL_; x + -gP(4,«)| 
A>0 f “ J 


(3.53) 


35 









Then, for every (x, a) G h ^ and s > 0, the series (3.30) defining 

Qy^{Tn^{x, a)h^''^) 

is absolutely eonvergent. Moreover, there exists a measurable function 
so that 

(i) for every (x, a) G h G P^ and s > 0 


(3.54) 




^>0 


1 


—=SN{x,a) — Q^{rn^{x,a)h^^) 
v N 


< 


^/N 


Kih), 


(3.55) 


where N = ; 

(a) for every uq > 1, fio > 0, A > 0, 


sup sup Ef.{h) < oo, 

a:SR h&P^r\K{uQ,I5 q) 


(3.56) 


(3.57) 


with the compact subset ]C{uo, fio) = {n-{u, fi) ■ Uq^ < \u\ < uq, |/3| < fio] C i7_. 

Remark 3.3. To see that Theorem 3.10 implies Theorem 1.2 notice that for every x the 
set P^ is of full measure in the stable horospherical subgroup PI-. Let 

Z = {geG: = g for all s G M} 

= {«h^(l; 0 ,t):(s,t)GM 2 }. 

Then G = H^H^Z up to a set of Haar measure zero. By Lemma 3.7 and a short 
calculation (see Lemma 3.11, Remark 3. 4| below), the set 

D = |n+(x, a)h G G : (x, a) G h G Z C G (3.58) 

is T-invariant and has full measure in G. 

Proof of Theorem 3.10 We assume in following that |m| < Uq for an arbitrary uq > 0. 
All implied constants will depend on uq. Since y is the characteristic function of (0,1) 
(rather than ( 0 , 1 ]), we have 


S'Ar(x,Q;) — '/N 0^(n+(x, a)<h^) 
with s = 21ogiV. Now, for every integer J > 0, 


< 1 


(3.59) 


,J 

Y, (0A(r(7(a224; 0, 0)) + 0 a. (r(7(l; (?) , 0) ; 0,0))) = 0T(r(7), (3.60) 

3=0 


where T is the trapezoidal function 


1 1 

'IP — 'IP S-2J ’ 6-2J 

3-23 3-2J 


(3.61) 
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Since, by Lemma 3.1, T G 52(M), then the series (2.42) dehning ©'^(r^f) is absolutely 
convergent for every Tg & r\G'. In view of the support of T, we have 

0'r(r?7,+ (x, a)<I)'^) = 0^(n+(a;, Q!)<h^) (3.62) 

provided 2"^ > Furthermore, 

0^(rn+(a;, a)n_{u, /d)4’*) = 0 t(^+(2:, a)n_{u, /?)‘h*) 

OO 

j=j+i 

OO 

+ ^ 2“■^/^0A_(^^+(a;, a)n_(M,/3)<I>*n_(0,1)4)“^^'°®^^-^). 

j=j+i 

(3.63) 


The proof of Theorem |3.10| therefore follows from the following estimates, which we will 
derive below with the choice J = [log 2 iV]: 


lliP/3 

|0x(n+(a:,a)4)") - 0T(rn+(x, a)n_(M, 0)<I)")| < 


\QT{n+{x,a)n_{u, — 0r(n+(x, a)n_(M, 0)<I)®)| = O 




AT /2 J 




j=J+l 


2 |0A_(n+(a;, a)n_(M,/9)<F'^n_(0,1)$ Tiogap^j 


•C 


j=J+i 


AT/2 

Fa{u) 
AT/2 ^ 


(3.64) 

(3.65) 

(3.66) 

(3.67) 


with 


Ta(m) = log^(l/|M|) max(^, 2)^/^ + A fF(M)^'^‘^ max(|M| 2«, 1). (3.68) 


Proof of (3.66) and (3.67). In view of Lemma 2.1 


2 |0A(n+(a;,a)n_(M,/9)<F^ ( 2 iog 2 p^| ^ ^ 2 F‘^Zs-(2iog2)jix,uyF_ ('3 59 ) 

j=j+i j=J+i 

and 

OO OO 

2“^/^ |0A_(n+(a;,a)n_(M,/3)$*n_(0,1)<I)“(^'°®^)^)| < y^ ‘ 2 ~^^‘^Zs-{ 2 iog 2 )j{x,uYF_ 

j=j+i j=J+i 

(3.70) 
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We divide the sum on the right and side of the above into j < J + Jq and j > J + Jq 


with Jo = [logj(l/l'^Dl • The hrst is bounded by (apply Lemma 3.9) 


^ 2 -C 2-^/Vomax(^,2)^/^ 

J+i<j<J+Jo (3.71) 

« 7 V-V 2 log+(l/|n|) max(^, 2f/\ 

In the second range 

j>J+Jo j>J+Jo 

(3.72) 

□ 


Proof of (3.64). Recall that 2'^ > and we can therefore write (3.30) as 


0x(n+(x, «)$") = 2-2 0^(n+(a:, a)4>*-(2i°g2)i) 

=0 

j 

^ 2“2 0 ^_( 7 t,_i_( 3 ;, a)n_{0, 


j=0 


j=0 


Consider the sum in the hrst line of (3.73) hrst. We have (cf. (2.98)) 

1 


(2iog2)i ^ I ^ _|_ ^ 


jV 22 - 2 i ’’Vo 


, 0 ; 


a 


,0 . 


Furthermore 


n+(a:, a)n_(n, 0 )<I>^^°®^ ( 2 iog 2 )j 


= X + 


u 


iV22-2t / u 

+ ^vTwr—r——?r, arctan 


N^2-P + m 2 N^2-P + m 2 

so that, for 0 < j < J, 

QA{n+{x, a)n-{u, 0)4)^^°®^“^^'°®^^-^) 
iV 22 - 2 t \ 


iV22-2y ’ V 0 


a 


N^2-P + m 2 
1 


E4 


arctan ( 


n 


n£Z, 

U 

h + ivJFVT^ 


N‘2 


2n-2j \ 1/2 


N^^)\ \N^2-P + v? 


+ na ] . 


(3.73) 


(3.74) 


,0 , (3.75) 


(3.76) 
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Let us now proceed as in the proof of Theorem 1.1 

0A(rn+(a;,a)n_(n,O)<h2i°g^-(2i°g2P) _ / 1 

E 


+ 0 


u 


X 


nSZ 


A I n ( ' I + ( arctan 


(iV2-t)4 + n2 


(Ar2-t)V2 \^(iV2-t)9/2^ 

u \ ( {N2-^f 




{N2-^Y 


,n 


X e( -v?x + ? 7 ,a') {l + O { , A 1 


(iV2-t)4 + n 2 
2 


{N2 

Using the Mean Value Theorem as in the proof of (2.104) we obtain 

E^i 


n 


nEZ 


{N2 


-j\2 X 1/2 


(V2-/)4 + n2 


e I -n X + na 


nEZ 


]^)e(i"X + na| +0 


u 


(V2-/)3 


Analogously to (|2.106|) we have 

(V 2 -i )2 


E^i 


n 


O 


un 


A1 =0 


\u\ 


(V2-/)4 + v?) / V(^2-1)4 '7 “ \N2-o 

Moreover, using (3.32) and the fact that Yli\n\> 2 A i+|r!/Ap ~ have 

-iV \U4_ / / u \ ( (V2-U2 


{N2 
(V2-/)4 + n 2 


Ta j arctan 

nEZ \ 


(V2 


-ii 2 


,n 


(V2-/)4 + n 2 


1 

V ( 1 V 

( hi \ 

2/3 \ 

1^(JV2-7)7 

(jV2-1)i/2 

^ l(V2-/)2i ^ 

y|n|<V2-7 ^ ^ ' |n|>V2-7 

1+1 ” ^ 
^ 1 N2-0 

i2 

' / 


•C 




= o 


N2-i 
|n|2/3 

(iV2-/)5/6 


m 


12/3 


(Ar2-i)5/6 


Now, combining (|3.76|), (|3.78|), (|3.79|), (|3.80|) we obtain that 

|n|2/3 


0A(rn+(x, a)n_(M, (2iog2)i^ 

= 0A(rn+(a:, a)$2i°g^-(2i°g2)i^ ^ q 


(iV2-/)5/6 


We can use (3.81) for 0 < j < J to estimate 

,7 

5 ^ 2-^/2 | 0 A(n+(a;,a)<l)"-( 2 '°s 2 )^') - 0 AK(a;, a)n_(n, | 

1=0 


iV5/6 


1=0 


iVl /2 • 


l/ 2 ^ 


(3.77) 


(3.78) 


(3.79) 


(3.80) 


(3.81) 


(3.82) 
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We leave to the reader to repeat the above argument for the sum in the second line 
of (3.73) and show that 


^2 |0A(n+(a;, a)u_(0,— 0A(^^+(a:, a)n_(u,(2iog2)i^| 

j=0 

'u|2/3 


•c 


iVl/2 


(3.83) 

□ 


Proof of (3.65). This bound follows from the Mean Value Theorem as in the proof of 

([2TM. □ 


This concludes the proof of Theorem 3.10 (and hence of Theorem 1.2). 


□ 


3.5 Hardy and Littlewood’s approximate functional equation 

To illustrate the strength of Theorem|3.10[ let us show how it implies the approximate 


functional equation (1.2). Recall the dehnition (2.50) of 71 G T. 


Lemma 3.11. For N > 0, x > 0, 


7 iu+(a;, a)n_{u, = n+{x', a')n_{u', 0, ^ , (3.84) 


where 


1 (y. 

x' = —, iV' = iVa;, a' = —, if = a;(l + ux\ = a + j3x. (3.85) 

X X 


Proof. Multiplying (3.84) from the right by the inverse of u_(u,yields 


where 


7iu+(a;,a) = n+(x', a')n_(u,/3)$2i°g^ ( 1;0, ^ , 


TV' _ _ _ 

N = —, u = u' — uN'^, (3 = (3' — (3N. 


Multiplying the corresponding matrices in (3.86) yields 


a 


X = —, 
X 


N = u = X, a' = —, (3 = a. 

X 


(3.86) 


(3.87) 


(3.88) 


To conclude, we have to check that the (/)-coordinates in (3.84) agree. In fact, the equality 

N-H 


arg 


/ \ 

—-h a; + axg{uN~‘^i + l) = arg(a;(l + ux)(xN)~‘^i + l) (3.89) 

\uN~^t +1 J ^ ^ ^ ' 
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is equivalent (since x, u, N are positive) to 

/ \ / \ 

arctan ---+ arctan = arctan 

\u + {N^ + u^)xj \N^J 


( 


1 + ux 


\ N‘^x 


(3.90) 


which can be seen to hold true using the identity arctan(y4) +arctan(i?) = arctan(• 

□ 


Remark 3.4. Note that in Lemma [3.111 


x' ^—- = —{ X -\— 


w 


u 


-1 


(3.91) 


Therefore, by Lemma 3.7, x + - G T>{k) if and only if x' + G V{k). 


Corollary 3.12. For every 0 < x < 2 and every 0 < a < 1 the approximate functional 
equation (1.2) holds. 


Proof. Let us use the notation of Lemma 3.11 The invariance of 0^^ under the left 
multiplication by 71 G T, see ( |2.46[ ), and Lemma 3.11 yield 


0^(rn+(x, Q!)n_(M,= \/ie( 0x (^rn+(x', a')n_(M', 


(3.92) 


By applying (3.55) twice with n_{u,/3) G and (by Remark 3.4) n_(u',(d') G P^' we 
obtain 


< 


+ 


5'jv(x,q;) — V^0^(rn_|_(x, Q!)?7,_(-u, 


1 a 

X 


<E^(n_{u,(3)) + ^Ef'{n.{u\f3')). 


X 


(3.93) 


What remains to be shown is that Ef{n_ (n, fd)) and E^ {n_ («', fd')) are uniformly bounded 
in X, a over the relevant ranges. To this end, recall that u and jd are free parameters 
that, given x, we choose as 

^ (d = t). (3.94) 


u = 


v/5-x’ 

Then x + ^ = a/5 G T’(l) and u is bounded away from 0 and 00 for 0 < x < 2, and hence, 
by (3.56), E^{n_{u, (d)) is uniformly bounded. Furthermore, with the above choice of u, 
we have 


u = \ -^ 


-1 


jd' = a. 


(3.95) 
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Thus x' + ^ £ ^(1) cind u' is bounded away from 0 and oo for 0 < x < 2. 

Therefore, again in view of (3.56), E^{n-{u\ (3')) is uniformly bounded for 0 < x < 2, 


0 < a < 1. 


□ 


3.6 Tail asymptotic for 0^ 

For the theta function 0^ we also have tail asymptotics with an explicit power saving. 
Theorem 3.13. For R> 1, 


^({g e r\G : |e,(g)| > fl}) = (l + o(fl-S)) . 


(3.96) 


Recall the “trapezoidal” funct ions and Xr^ dehned in (3.7, 3.8) and 


X^l'^ + X^R^ ■ The proof of Theorem 3.13 requires the following three lemmata. 


Lemma 3.14. Let J > 1. Define 

Tj{g) := e u,(g) = 5]2-3eA(g'i>-<"'“*"W) 


J-1 


j=0 


J-1 


GAg) - e,w,_.)(9) = 5^2-iei_(g4-P'‘>‘2«). 

j=0 


(3.97) 

(3.98) 


Then 


OAg) = e^„,(g) + ^ 2-‘< + <Jj(g(l; (») (3.99) 


fc=l 


Proof. Recall that, by Lemma 
functions above are well definec 


3.1 


X^l\xl \—) ^ *52(1^), and therefore the two theta 


for every g. 
The first sum in (3.30) can be written as 


OO OO {k-\-l)J—l 

j=0 k=0 j=kJ 


(3.100) 


and the fc-th term in the above series is 


.J-1 


.J-1 


1=0 


1=0 


(3.101) 
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Similarly, the second sum in (3.30) reads as 


i=o 

oo (/c+l)J—1 

= X; 2-iei_(9(l;(;),0)4-P'“«^W) (3.102) 

k=0 j=kj 

oo 

= 5j{g{l-, (?). 0)) + 5^2-*ia,(9(li (») 

A:=l 


The last thing to observe is that (5), 0)) = 0 (j),._Ag) = © (J){g)- Thus 


which concludes the proof of (3.99). 


(3.103) 

□ 


Lemma 3.15. There is a constant K such that, for all R > K6 ^ 2 © < <5 < |, 

^L{g e r\G : |e,( 9 )| >R}- g{g e r\G : |e,,fl( 9 )l > li(l - S)} = • 


(3.104) 

g{ger\G: \e^,Mg)\>R(l + S)}-g{ger\G: 

(3.105) 


Proof. We use the identity 1 
union bound estimate: 


(1 — (5) + Lemma 3.14 for the following 


ti{geT\G: \e^{g)\>R} 

<fi{geT\G: |0^,.)(^)| >/2(l-5)} 

OO 

+ ^/i{^ G r\G : |2-^^^ (3.106) 

k=l 

oo 

+ ^/i{^Gr\G: |2-'^^e;j(^(l;(?),0)<l)-(2'°g2)fcJ)| > (O igy) 

k=l 


3.1 


Let us consider the sum in (3.106). We know by Lemma 
K2 (Xl^^) ~ 0{2'A. We choose the constant K sufficiently large so that 


that x^l'^ ^ ^2 


with 


R 




> KkAx^P), 


(3.108) 
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holds uniformy in all parameters over the assumed ranges. This implies 

> KK^ixL^’)- 


for all k. Hence, by Lemma 2.2, we can write (3.106) as 


k=l 


E 




^ R^{1 - 5)656fc23fcJ 


0 ( 1 ) = 0 


R6S62^J 


(3.109) 

(3.110) 

(3.111) 


The sum in (3.107) is estimated in the same way and also yields (3.111). This proves 
(3.104). In order to get (3.105) we use again Lemma 3.14 and the following union bound, 
yielding a lower bound: 

p{(7Gr\G: |0^(^/)| >72} 

> k'ig ^ r\G : |0^(j)(5f)| > i?(l + 5)} 


- e r\G : | 2 -^^ J-j(^<l>-( 2 i°g 2 )fc‘^)| > R^-^5'^} 

k=l 

oo 

- e r\G : (?), 0 )<L-( 2 i°g 2 )fcJ)| > Ril^s’^}. 


(3.112) 


k=l 


The last two sums are O( ^6^623 j ) before and we obtain (3.105). 

Lemma 3.16. There is a constant K such that, for all R > K2^, 0 < 5 < 


□ 


2 ’ 


ti{geT\G-. |0^(.)(.7)| >i?(l±5)} 


2 0(x) 

3 R^ 


(1 + 0(5)) (1 + 0(2^'^i?-^)) (1 + 0(2“'^)). (3.113) 


Proof. Lemma 2.2 implies that 


Mg 6 r\G : |e,„(9)| > R(l ± i)}) = IgRfffT (1 + 0(2«fl-‘)) 


3 7 ? 6(1 ±^)6 

2 0(x(^)) 


3 R^ 


(1 + 0(5)) (l + 0(2^-^i?-^)) . 

(3.114) 


To complete the proof we need to show that 

O(x(^))=O(x) + 0(2-^). 


(3.115) 
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The identity x® — + y'^), and the fact that X(t> are uniformly 

bounded (Lemma 3.3), imply 


\D{x) - D{x^^^)\^ 



\x^{w)\‘^dwd(p- j j \x^^\w)\^dwd(t) 

0 —oo 0 —oo 


\\xA\h^(t>- j Wx^i^W^dct) 

0 

= ^|ll\'iri»-llx'">lli.|. 

by unitarity of the Shale-Weil representation. The triangle inequality yields 

lllxlli. - llx'''’fL>| < (llxllt> + llx‘''>IU«) llx - x‘''’IIl> = 0(2-'), 


(3.116) 


and (3.115) follows. 


(3.117) 

□ 


Proof of Theorem 3.13 Combining Lemma 3.15 and Lemma 3.16 we have 


‘2D{x) 


3 i?® 


(1 + 0(h)) (1 + 0{2^-^R-^)) (1 + 0(2--^)) + 0(/2-®h-®2-3'^) , (3.118) 


provided 


- - 2 


(3.119) 


We set J = a log2 R, 6 = KR with positive constants a, (3,K >0 satisfying a > 2(3, 
a + 2(3 < 2, K > a/2. Then (3.119) holds for all i? > 1, and 


M{ser\G: \SM\> R}) = 1‘^ + ^0(R-^ + R-^‘‘-‘ + R-‘‘ + ROI>-^‘‘). (3.120) 

We need to work out the minimum of /, 4 — 4a, a, 3a — 6(3 under the given constraints. 

\i (3 < 3a — 6(3, the largest possible value for (3 is |a. Optimizing a yields a = || and 

12 

thus the error term is 0{R~^). If on the other hand (3 > 3a — 6(3, we maximise 3a — 6(3 

by choosing the smallest permitted (3, which is again |a. This yields 3a — 6(3 = |a and 

12 

we proceed as before to obtain the error 0 {R~3i). 

Finally, we need to prove 


D{x) = j j IX0H/d())dw = 3, 

— OO 0 


(3.121) 


see Figure]^ Recall (2.21). Using the change of variables z = wcsccf we obtain 
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Figure 6: The function {w, 0) h-)■ The first plot corresponds to {w, 0) G [—|, |] x 

[0, tt]. The second plot corresponds to {w, 0) G [0.5,1.05] x [0, and illustrates the highly 
oscillatory nature of the integrand in (3.121[). 
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C(x) = 



0 —oo 

TT OO 



0 —oo 


1 

sin (f)f‘ 
1 

sin 


e ^2^^^ ^ ~ ^ 


dwdcl) 


e I -w'^ cot 0 — w'z 1 dw' 


(3.122) 


dzdcf). 


Now the change of variables u = \ cot 0 yields 

OO 

D{x) = ^ 


OO oo 

1 

// 

J e{uw'‘^ — zw')dw' 

-oo —oo 

0 


dzdu = 3, 


cf. IH]. This concludes the proof of (3.96). 


(3.123) 


□ 


3.7 Uniform tail bound for 0 


X 


The goal of this section is to obtain a result, similar to Theorem 3.13 , for the tail 
distribution of |0x(2^ + Wi 0; C)l uniform in all variables. Namely the following 

Proposition 3.17. Let X be a Borel probability measure on M which is absolutely con¬ 
tinuous with respect to Lebesgue measure. Then 


X{{xeR: |0x(a; + i|/,O;^,C)| > 1?})-C 


(3.124) 


{i + ny' 

uniformly in y <1, R> Q, and (^, () G ]HI(M). 

This proposition will be used in Section |4.3| to show that the hnite dimensional 


limiting distributions for XN{t) are tight. The proof of Proposition 3.17 requires three 


lemmata. First, let us dehne f = PSL(2,Z) and Poo = {(o T) • ^ ^ For z G Sj and 
7 £ roo\r set yj = Im(72;) and dehne 


76roc\f 


(3.125) 


We note that this sum has a bounded number of terms, and Hl'jz) = H{z). H may thus 
be viewed as a function on r\b- Since P\G is a hbre bundle over the modular surface 
r\b (recall Section 2.7), we may furthermore identify H with a P-invariant function on 


G by setting H{g) := H{z) with g = {x + iy, 0; C). 

Lemma 3.18. Let f G 5^(M), rj > 1. Then, for every g ^ G, we have 

\Qf{g)\<G,H{g), 

where Gi = ko(/) + C[nr,{f) and G[> is some absolute constant. 


(3.126) 
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Proof. Lemma 2.1 implies that \Qf{x + iy, 0; C)| < Ciy* uniformly in all variables for 

y > |, and thus uniformly for all points in the fundamental domain Jr- By dehnition, 
H{x + iy) is a sum of positive terms and y^^^ is one of them li y > Hence y^ < 
H{x + iy). □ 

The following lemma estimates how much of the closed horocycle {xpiy : —\<x< 
is above a certain height in the cusp. 

Lemma 3.19. Let R>1 and r{y) = l|yi/4>j:j|. Then, for every y < I, 

1 

j r{y^)dx<2R-^ (3.127) 

0 76roo\f 

Proof. For z = x + iy we have Im((“ ^) ^) = \cz+d\'^ ■ Thus, writing d = d' + me with 
1 < d' < d — 1, we get 


^(^7) = r{y) + 

(c, d) = 1 
c > 0 

d e z 


\cz + d\‘ 


= r{y) + Yl Y1 

^=1 d' mod c 
(c, d') = 1 


y 


\z + — + m 


So 


1 00 

n 00 n 

J r{y^)dx = r{y)+ J 

0 7srcx3\f *^=1 « 


d' mod c -00 
(c,d') = 1 


y 


c^\x + iy\'^ 


dx. 


A change of variables allows us to write the last integral as 


(3.128) 


(3.129) 


c^\x + iy\^ 


dx = y / r 


c‘^y{x‘^ + 1) 


dx = yr{c^y), (3.130) 


where 

00 

r{t) = r 


t{x‘^ + 1) 


dx = 


dx = 


2./^-l if R-^>t, 


{xGM: 


* “ - ' (3.131) 

0 otherwise. 
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Now (3.129) equals 


>-(!/) +2!/ E E 

c > 1 d' mod c 
c^y < R~^ (c, d') = 1 


Since y < 1 we have r{y) = 0 and (|3.132) 


< 2y"^R-^ 

E 

c> 1 

d' mod c 

c^y < R~^ 

(c, d') = 1 

< 2y"^R-^ 

1 = 2y-2R 

c > 1 


Cy < R~‘^ 



IS 


1 

y^A 


< 



2R-\ 


Lemma 3.20. Let f G rj > 1, and A as in Proposition 3.11. 

A({x e M : |0/(a; + ly, 0; C) I > ^}) « (1 + 

uniformly in y <1, R> Q, and all 0, (. 


Proof. Lemma 3.18 yields 


Since H{z + 1) = H{z), we have 






(3.132) 


(3.133) 


(3.134) 


□ 


(3.135) 


(3.136) 


(3.137) 


where Xz is the push forward under the map M—xh -)-;2 + Z. Since A is absolutely 
continuous, so is Xz (with respect to Lebesgue measure on M/Z) and we have 


j '^{H{x+iy)>ff}M(ix) < j (3.138) 

R/Z R/Z 

Now, for R > Cl we have 

/ = E (3.139) 

R/z 7eroo\f 


in view of Lemma 3.19 As the left hand side of (3.135) is bounded trivially by 1 for all 
R < Cl, the proof is complete. □ 
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Proof of Proposition \3.17 , Write 

j 


e,(i + ty, OiC) = 5^ 2-5ei((i + iy, Oi(3.140) 

j=0 

J 

+ Y, + ty. 0; «.0(1; (!) (3,141) 


j=0 

where J = [log2. Set 

A.-= A1 

i 2 t^‘ 2 j2 


i=i 


(3.142) 



We obtain 

A({x e M : |0;^(a; + 2|/,O;^,C)| > i?}) 

[logwb 

< A({xeM: |0A((x + z2/,O;^,C)<l>-(2>°g2).)| 

j=0 

riog?/“b C3 X43) 

+ A({a;eM: |0A_((a; + z|/,O;^,C)(l;(?),O)$-(2'°®2)^)|>2i<5,i?}) 

j=0 

[logj/-!] riogj/“b 

« y —^— <R-^ y 2-^74 «i?- 

U (l + 2iW ^ 


3-4 


uniformly in y. This bound is useful for R > 1. For i? < 1 we use the trivial bound 
A({...})<1. □ 


4 Limit theorems 

We now apply the hndings of the previous two main sections to prove the invariance 
principle for theta sums, Theorem |1.3 Following the strategy of ra. we hrst estab¬ 
lish that the random process XN{t) converges in hnite-dimensional distribution to X{t) 


(Section 4.2). The proof exploits equidistribution of translated horocycle segments on 
F\G', which we derive in Section 4.1 using theorems of Ratner |1D] and Shah |12]- Tight¬ 


ness of the sequence of processes X]\f{t) is obtained in Section 4.3; it follows from the 


uniform tail bound for 0^ (Section |3.7[ ). Convergence in hnite-dimensional distribution 
and tightness yield the invariance principle for X]s[{t). The limiting process X{t) has 
a convenient geometric interpretation in terms of a random geodesic in F\G (Section 
4.4), from which the invariance and continuity properties stated in Theorem 1.4| can be 


extracted; cf. Sections 4.5-4.6 
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4.1 Equidistribution theorems 


Recall that G = SL(2,M) x ]HI(M), and define ASL(2,Z) = SL(2,M) x as in 
. Thronghout this section, we assnme that F is a lattice in G so that Fq = </3(F) is 
commensurable with ASL(2,Z). An example of such F is the one defined in (2.55). We 
have the following equidistribution theorems. Let and be as in section 2.5 


Theorem 4.1. Let F : F\G —)■ M &e bounded continuous and X a Borel probability 
measure on M which is absolutely contiuous with respect to Lebesgue measure. For any 
M G SL(2, M), ^ G \ and C G M we have 

Ito j F(r(M;i,0't'‘<S>‘)d\{u) = —^ j F{g)Mg)- (4.1) 

K r\G 


Proof. By a standard approximation argument it is sufficient to show that, for every 
—oo < a < b < oo, the curve 




(4.2) 


becomes equdistributed in F\G with respect to fi. In other words, the uniform probability 
measure Vt on the orbit Gt converges weakly to pi (appropriately normalised). We know 
from [IS] (cf. also [SH]) that for ^ G M^\Q^ the projection (p(Gi) becomes equidistributed 
in Fo\ASL(2,M), where Fq = </3(F) is commensurable with ASL(2,Z). Since F\G is a 
compact extension of Fo\ASL(2,M), this imples that (a) the sequence is tight 
and (b) the support of any possible weak limit v projects to Fo\ASL(2,M). Again a 
classic argument (cf. [T5l 02]) shows that v is invariant under the right action of 4^“. 
Therefore, by Ratner’s measure classification argument jlOl, every ergodic component 
of p is supported on the orbit F\FiF for some closed connected subgroup H < G. 
By (b) we know that F\FiF must project to Fo\ASL(2,]R) and hence (p(iF) = GfZ. 
The only subgroup H < G which satisfies (p(Tf) = GfZ is, however, H = G and 
hence every ergodic component of u equals pi for any possible weak limit, i.e., u = pi 
(up to normalisation). Therefore the limit is unique, which in turn implies that every 
subsequence in {pt)t converges. □ 

Theorem 4.2. Let F : M x F\G —)■ M 6e bounded continuous and A a Borel probability 
measure on M which is absolutely continuous with respect to Lebesgue measure. Let 
Ft : M. X F\G —)■ M 6e a family of uniformly bounded, continuous functions so that 
Ft —)■ F, uniformly on compacta. For any M G SL(2,M), ^ G M^\Q^ and ( eM. we have 

lim 

t^OO 

M Rxr\G' 

Proof. This follows from Theorem|4.1|by a standard argument, see [36l Theorem 5.3]. □ 


Fi(n,F(M;tC)^“<^>*)dA(n) = 


piiT\G) 


F{u,g)dX{u)dp,{g). 


(4.3) 
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Corollary 4.3. Let F, Ft and A be as in Theorem Jt.2. For any (a,/3) G \ and 
C, 7 G M we have 


lim / Ft{u, r (1; (“+“^) , C + M 7 ) dA(M) = 


t^OC 




F{u,g)dX{u)dn{g). 


Rxr\G 


Proof. We have 

(1; (7“') ,C + «7) 4'“4‘ = (1; (7) .0 4'" (1; (s) .fT - p(a + u/3)) t‘ 


Define 


= (1; (7) .0 'P"*' (1; .M7 - /3(a + u^))). 

7(M.g) = F,{n,g{l; U-vt/,) .uj - /3(a + ufij)), 

F(u, s) = F(ti,s(l^ 0 , ti 7 - l3(a + !i;3))). 


(4.4) 

(4.5) 

(4.6) 

(4.7) 


Since right multiplication is continuous and commutes with left multiplication, we see 
that, under the assumptions on Ft, Ft is a family of uniformly bounded, continuous 
functions M x r\G —)■ M so that Ft —)■ F, uniformly on compacta. Theorem 4.2 therefore 
yields 


lim / Ft{u, r (1; , C + M 7 ) dA(n) = 


t—^OO 


/r(r\G) 


F{u,g)dX{u)dfi{g). 


Rxr\G 


(4.8) 

Finally, the invariance of /i under right multiplication by (1;0,C), for any C ^ shows 
that 

(4.9) 

□ 


F{u, g)dX{u)dix{g) = 


Rxr\G 


/i(r\G) 


F{u,g)dX{u)dix{g). 


ixr\G 


4.2 Convergence of finite-dimensional distributions 


In this section we prove the convergence of the finite dimensional distributions for the 
random curves (1.11). This means that, for every k > 1, every 0 < ti < t 2 < ■ ■ ■ < tk < 1, 
and every bounded continuous function i? ; —)■ M, 


lim 

N^oo 


B{Xn{x-, ti),..., Xn{x-, tk))h{x)dx 


= - 7 jW/ B(Vi 7 e,(st"'°‘“).....y 4 e,( 94 ^‘°*'‘))dMs) (4.10) 

r\G 


52 









Recall that, by (1.11, 2.44), 


XN{x;t) = + iye ^0; , Cox) + (S'Lt 7 vj+i(a;) - SitN\{x)) , (4.11) 

where s = 21ogt, y = N~^ and / = l(o,i]- R will be more convenient to work with 

Xn{x-, t) = e^/'^0x(a; + iye~% 0; ^ ^ox), (4.12) 

where y = l(o,i)- The difference Xp^(t) — Xp^(t) comprises ffnitely many terms and is 
thus of order uniformly in t. Therefore, it is enough to show that the limit (4.10) 

holds for Xi\f{x;t) in place of X]si{x]t). We can write 


() = e*'‘‘e„((l; (“+'■■) ,c„x) , 


(4.13) 


where r = — log y. 

To simplify notation, we will write in the following Qf sid) •= e^/^0j(5'<h^), g E G. 
Observe that 0/^^ is also well defined on r\G. Moreover, for every fc G N and every 
s = (si, S 2 ,..., Sfc) G with Si < S 2 < ■ ■ ■ < Ski let us define 

0/,s : r\G'-)■ C^, 0/,s(5') := (0/,si(5'), 0 /,s 2(5'), • • •, 0/,Sfc(5')) • (4-14) 

With this we have, for 0 < fi < ^2 < • • • < ^ 1, 

X^(a;; fi),..., X^(a;; 4)) = 0;,,,((1; (“V), cox) T"$") (4.15) 

with Sj = 2 log f 4 and r = 21ogA^. The weak convergence of finite dimensional distribu¬ 


tion of the process X]\f{t) stated in (4.10) is a consequence of the above discussion and 
the following 

Theorem 4.4. Let X be a Borel probability measure on M which is absolutely continuous 
with respect to Lebesgue measure. Let ci,co,a G M with (a,ci) ^ Q^. Then for every 
k > 1, every s = (si, S 2 , ■ ■ •, Sfc) G 1^^, and every bounded continuous function R : —)■ 


lim / R(0^,,((l;(“Y")iCox)T"<h"))dA(a;) = 


p(r\G) 


B{QxA9)W{g). (4.16) 


r\G 


We first prove a variant of this statement for smooth cut-off sums, with 0^ ^ replaced 
Qf^s, where f e Sr,, y > 1. 


Lemma 4.5. Let f G 5,j(M), with rj > 1. Under the assumptions of Theorem f.f, for 
every k > 1, every s = (si, S 2 ,..., Sfc) G and every bounded continuous function 
R : ^ M 


lim / R(0;,,((l;(“+o^i"),coa;)T"<h"))dA(a;) = 


p(r\G) 


B{Qf,s{g))dy{g). (4.17) 


r\G 
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Proof. Apply Corollary 4.3 with Ft{u,g) = F{u,g) = B{Qf s{g)) (no dependence on 
t, m), /9 = Cl, 7 = Co, and C = 0 . □ 


Lemma [475] implies Theorem 4^ via a standard approximation argument that requires 
the following lemmta. We hrst consider the variance. For 2 = {zi,...,Zk) G C^, let 

ll-^ilc'“ = (kiP + ■ ■ ■ + \zk\‘^Y^‘^. 

Lemma 4.6. Let f, h be compactly supported, Riemann-integrable functions on M, and 
assume h >0. Then, for all a, Ci, Cq G M, 

limsup [ ||0/,,((1; ("+ 0 ^ 1 ^) ,coa;)T^<F^)i|^fe h(a;)da: < 2A;i|/||^2||h||ii. (4.18) 

T^OO J 

R 

Proof. By a standard approximation argument, we may assume without loss of generality 
that h G C'^(M). The Fourier transform h of h then satishes the bound \h{y)\ \y\~‘^- 

We have, by Parseval’s identity, 

j ||0/,,((1; ,coa;)vI/"<FOIIc. h{x)dx 

R 

k 

= ^e^A2 ^ /(mj/2e“®A2^ _ fri)a) h(^(m^ — n^) + Ci(m — n)) 

j=l 
k 

j=l n,m£Z 

(4.19) 

where y = e“^. Note that (m^ — n^) + 2ci(m — n) = {m — n){m + n + 2ci) = 0 if and 
only if [m = n or m = —n — 2ci]. The sum restricted to m = n is a Riemann sum. In 
the limit ?/ —)■ 0, 

k 

1/5 ^e"A 2 ^ ^/c||/|| 2 ^||/i||^i. ( 4 . 20 ) 

j=l nSZ 

Likewise, the sum restricted to m = —n — 2ci yields 

k 


j=l nGZ 


1/2 ^e*A 2 ^ |/(iji/le f{-{n + 2ci)y'^e *^ 2 ) ^kj \f{w)f{-w)\d 

<k\\f\\h\\h\\L^- 


W\\tl\\Li 


(4.21) 


The sum of the remaining terms with (m^ — n^) + 2ci(m — n) 7 ^ 0 is bounded above by 
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(set p = m — n, q = m + n and overcount by allowing all p,q E Z with p 7 ^ 0 , g 7 ^ — 2 ci) 


i=i p,ijez 

p^O 
(j7-2ci 


/(^(?-p) 2 /^e '*^'/^)/(^(g + p)p5e h(|p(g + 2 ci)) 


k 

IP(^ + 2ci)r^ = 0(p5). 

j=i p,q& 

p70 

i}^-2ci 


Hence all “off-diagonal” contributions vanish as p —?• 0. 


(4.22) 


□ 


For the rest of this section assume that A is a Borel probability measure on M which 
is absolutely continuous with respect to Lebesgue measure. 


Lemma 4.7. Let f be a compactly supported, Riemann-integrahle function on M. Then, 
for all a, Ci, Cq G M, iF > 0, 

4P2|| X||2 

limsupA({a;eM: || 07 ,,((l;(“+o^^"),coa;)vh"$")||c. >i^}) < (4-23) 

r^oo 


Proof. Let us denote by A' G L^{R) the probability density of A, and by nih the measure 
with density h G C'c(M), h > 0. We have 

A ({x G M : ||07.,((1; (“Y"), Cox)vl/"$")||c. > K}) 

< m4{x G M : ||0/,,((1; (%^^"), Cox)vI/"<FO||c. > K}) + ||A' - h|Ui (4.24) 
<AeK-^f\\i4h\\,. + \\y-hu. 


by Chebyshev’s inequality and Lemma 4.6, Since C'c(M) is dense in L^(]R), rel. (4.23) 
follows. □ 

Lemma 4.8. For all a, ci, cq G M and £ > 0 there exists a constant > 0 such that 

limsupA({xGM: || 07 ,,(( 1 ; (%^i") , Cox)4/"«F")||c. > < ell/Hi^ (4.25) 

T^OO 

for every compactly supported, Riemann-integrable f. 


Proof. It follows immediately from Lemma 4.7 


□ 


Lemma 4.9. Let f be a compactly supported, Riemann-integrable function on M. Then, 
for every e: > 0, 5 > 0 there exists f G iS 2 (M) with compact support such that 


limsupA(|x G M : ||0/,,((1; (%^i"), Cox)4/"$") - 0^;,((1; (“+ 0 ^^"), Cox)vh"<F") ||c. > 

< e. (4.26) 
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Proof. Note that — = Q f _f g . Since / — / is compactly supported and Riemann- 

integrable, we can apply Lemma with / — / in place of /. Choose K = e and / so 
that 


R2 


<5, 


which is possible since iS 2 (M) is dense in L^(]R). The claim follows. 


(4.27) 

□ 


Proof of Theorem If.fl Lemma |4.8| and Helly-Prokhorov’s Theorem imply that every se¬ 
quence {Tj)j>i such that Tj —)■ oo as j —)■ oo has a subsequence with the following 

property: there is a probability measure z/ on C such that for every bounded continuous 
function R : —)■ C we have 


Rn y R(0^,,((l;(“+o"i^),cox)T^<h"^O)dA(a:) = J B{z)diy{z). (4.28) 

R C 

The measure u may of course depend on the choice of the subsequence. To identify that 
measure, we restrict to test functions B G We claim that for such B the limit 


I{X) = lim / R(0^,,((l;(“V"),Cox)vl>"<h"O)dA(x) 

J^OO I 


(4.29) 


exists. To prove this, let us hrst notice that, since B G C“(C^), it is Lipschitz, i.e. 


\B{z') — B{z”)\ < Cjjz' — 2"||cJ= for some constant C > 0. Therefore, by Lemma 4.9, for 
every e > 0, 5 > 0, we can hnd a compactly supported / G iS,j(M) with p > 1 such that 


y |R(0x,,((l; (“+ 0 ^^") ,Cox)vI/"<h"0) - (“+ 0 ^^") ,Cox)T"$"0) |dA(x) 

R 

<C J ||0x,s((l; (“+ 0 ^^") ,coa;)vI/"<h"0 - ©/,.((!; (“+ 0 "^"), cox)T"$"0 ||c'=dA(a;) 

R 

< C(£ + 5). 

Since the limit 


/(/) = hm / R(0;,,((l;(%^^"),Cox)T"<h"O)dA(a;) 

3^00 J 


(4.31) 


exists by Lemma 4.5, the sequence 


R(0^,,((1; (“+0^1"), Cox)vl/"$"0) dA(x) 


i>i 


is Cauchy. Using this fact, the bound (4.30) and the triangle inequality, we see that 


(4.32) 


R(0^,,((1; (“+0^1"), cox)T"$"0) dA(x) 


(4.33) 


i>i 
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is a Cauchy sequence, too, and hence the limit /(y) exists as claimed. The bound (4.30) 
implies that /(/) —>■ I{x) as / —)■ y in and therefore the right-hand side of (4.28) 


must equal the right-hand side of (4.16) 


We have now established that, for any convergent subsequence, the weak limit u in 


(4.28) in fact unique, i.e. the same for every converging subsequence. This means that 


every subsequence converges—in particular the full sequence. This concludes the proof 
of the theorem. □ 


4.3 Tightness 

The purpose of this section is to prove that the family of processes {WAr} 7 v>i is tight. 
Recall that each X^v is a random variable with values on the Polish space {CQ,d), cf. 


(1.11). If we denote by the probability measure induced by on Cq, then tightness 


means that for every e: > 0 there exists a compact set /C^ C Cq with PAr(/Ce) > 1 — £ for 
every X > 1. We prove the following 

Proposition 4.10. The sequence {XAr} 7 v>i is tight. 

Proof. For every X > 0 and every positive integer N set 


M.k,n = sa:G]R: 3m>l and 0 < fc < 2”^ s.t. 


X 


N 


k + 1 


Xat 


> 


K 




We will prove the tightness of the process t by establishing that 

lim sup \{M.k,n) = 0. 

K^oo 


(4.34) 


(4.35) 


To see that (4.35) is equivalent to tightness, recall how the curve t h-)■ X 7 v(t) depends on 
X (cf. (1.10), (1.11|)) and observe that functions in the set 


Co \ {Xn : [0,1] —?• C I X G Mk,n} 


(4.36) 


K>0 


are uniformly equicontinuous on a dense set (of dyadic rationals). Since in our case 
3fAr(0) = 0 by dehnition, uniform equicontinuity is equivalent to tightness (see [3], The¬ 
orem 7.3). 


Let us now show (4.35). By construction, 

' k + 1 


X 


N 


Xn\ ^ 


< 


yx 


(4.37) 


Therefore, if m > 0 is such that ^ < -fj for all X > 1, then the inequality dehning 


(4.34) has no solution for all X > 1. For X = 1 the inequality is ^ < 1 is valid for 
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every m > 4. For N > 2 a sufficient condition for ^ ^ is m > 5 log 2 N. Thus, it is 

enough to restrict the range of m in (4.34) to 1 < m < 5 log 2 N. For these values of m, 
let us estimate the measure of Mk,n from above by estimating the measure of 


X G 


X 


N 


k + 1 


-av(T 


> 


K 




(4.38) 


for hxed m and k. Dehne Ni = and N 2 = Recall (2.44), and let us observe 

that 




+ Cin + CQ)x + ax)+0{l) 

^ ^ Ni<n<N2 (4.39) 

= 2/“30^(a; + iy^ 0; , cqx + C) + 0(1), 


with y = and for some C,' G M, and where the 0-term is bounded in absolute 

value by 2. We have 


A < X G M : 


X 


N 


k + 1 




> 


K 




< A <1 X G M : \/X2 — Xi 0^(x + f (jy2-Vi)2’ + CO 


> 


k^/n 


- 2 




(4.40) 


Observe that — 2 > for m < and for sufficiently large K (uniformly 

in m,k), the inequality > 51og2X holds true for all N > 2. Now we apply 


Proposition |3.17 
A i X G 1 


X 


N 


k + 1 


-XnI 


> 


K 




< A < X G M : \/X2 — Xi ©^(x + *^2^71)2’ ) CqX + CO 


> 


k^/n\ 

2im? J (4-41) 


< 1 + 


K 


N 


-4 


2m? y N 2 — Ni 


K 


X 2 -X 1 

N 


< K-^2-^^m\ 


Using the fact that X]m=i ^ hnite, we have 


2™-l 


KMk,n) < X-^2-2"*m® < K-^ 2-^m^ < K-\ 

m<5log2N k=0 


m=l 


(4.42) 


uniformly in X > 2. Taking the limit as X —)■ cx) concludes the proof of the Proposition. 

□ 
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4.4 The limiting process 


Convergence of finite dimensional limiting distributions (from Theorem 4.4[) and 


tightness (Proposition 4.10) imply that there exists a random process [0,1] 3 t ^ X{t) G 
C such that 

Xn => X as N ^ oo (4.43) 

where denotes weak convergence in the Wiener space Cq. This shows part (ii) of 
Theorem 1.3 Part (i) follows from Corollary |2.4[ By (4.16), we can be more precise and 
write the limiting process explicitly as a Cq- valued measurable function on the probability 


space (r\G, where fi is the Haar measure (2.33) on the homogeneous space P\G. 
We have 

(P\G, 3 gs^X e Co, X{t) = i ° ^ ° (4.44) 

where s = 21ogt. In other words, the curves of our random process are images (via 
the automorphic function 0^ discussed in Section]^ of geodesic paths in P\G', rescaled 
by the function e*/^ = \/t, where the “randomness” comes from the choice oi g E P\G 
according to the normalized Haar measure -^/r. Moreover, we can extend our process, a 


priori defined only for 0 < f < 1, to all f > 0 by means of the formula (4.44). 


Notice that the function 0^, discussed in Section]^ is not defined everywere. However, 
we are only interested in the value of 0 ^ along geodesics starting at yt-almost any point 
Tg E P\G. One can check that 


(a; + i|/,0;^,C)<h" = {xs + iys^s.tC), 


where 
Xs = X + 

Vs = 


y 


cot 20 + coth s CSC 20 ’ 

y 


cosh s + cos 20 sinh s ’ 
4>s = 2fc7r + ei arccos 62 


\/ 2 e^ cos 0 


,^1 + e^* + (e^^ — 1 ) cos 20 


(4.45) 

(4.46) 

(4.47) 

if {2k — l)7r < 0 < {2k + l)7r. 

(4.48) 


In the above formula arccos : [—1,1] -3 [—tt, tt] and 


{^1X2) = < 


(—1, —1), {2k — l)7r < 0 < {2k — |)7r; 
(—1,+1), (2fc — |)7r < 0 < 2/c7r; 
(+1,+1), 2/c7r < 0 < (2/c + |)7r; 

(+1,-1), (2fc + ^)7r < 0 < (2/c + l)7r. 


(4.49) 


Moreover, the values at 0 = 2kn (resp. 0 = {2k ± |) 7 r) are understood as limits as 
0 -3 2kn (resp. 0 -3 {2k ± at which we get {xs,ys,(j2s) = (a^, 2 A; 7 r) (resp. 
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{xs,ys,4>s) = {x,e^y, {2k ± |)vr)). For every s e M the function M —>■ M, 0 i—>■ 0^ is a 
bijection, see Figure Moreover, for 0 0 



Figure 7: The function 0^ for —27r < 4> <2n and —4 < s < 4. 


{xg, ys) 0s 


{^x + y tan cj), 0, tt) as s —)■ +cxd, 

{x — y cot 0, 0, (+ |)7r) as s —)■ —cxd. 


(4.50) 


It follows from (4.45) and Theorem 1.2 that for /i-almost every Tg G F\G', the function 


©^(F^fd)®) is well dehned for all s G M. Since s = 2 logf, then the typical curve t ^ X{t) 


process is well dehned for every t > 0. The explicit representation (4.44) of the process 


X{t) allows us to deduce several properties of its typical realizations. These properties 
rehect those of the geodesic how on F\G'. 

Let us remark that part 


and (ii) of Theorem 1.4 are simply a restatement of 


Theorem 3.13 and Theorem 4.4, respectively. 


4.5 Invariance properties 

By scaling invariance of the theta process we refer to a family of time-changes that 
leave the distribution of the process t ^ X{t) unchanged. In this section we show parts 


fiii)-(vii) of Theorem 1.4 


Lemma 4.11 (Scaling invariance). Let X denote the theta process. Let a > 0, then the 
process {Y(f): f > 0} defined by Y{t) = -Xi^aff) is also a theta process. 


Proof. By (4.44) 


Y{t) = -X{aH) = _ e"/^0x(Fc/'<l)"), (4.51) 
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where s = 21ogt and g' = By right-invariance of the Haar measnre, if g is 

distribnted according to the normalized Haar measnre then g' is also distribnted 
according to the same measnre. Therefore the processes X and Y have the same distri- 
bntion. 

□ 

Another time change that leaves the distribntion of {X(f): f > 0} is nnchanged after 
the rescaling f i—)■ 1/f. This is called t-time-inversion and is related to the s-time-reversal 
symmetry for the geodesic flow on r\G. 

Proposition 4.12 (Time inversion). The process t > 0} defined by 


Y{t) 


0 f = 0; 

tX{l/t) t > 0, 


is also a theta process. 

Proof. Observe that g^^ = gh^~^, where 


(4.52) 


/i = (i,ir/2;0,0) = ((; |,'),arg;0,0) 


(4.53) 


corresponds to the s-time-reversal symmetry for geodesics. The proposition then follows 
immediately by (4.44) and the right-invariance of the normalized Haar measnre. □ 


Like in the case of Wiener process, time-inversion can be nsed to relate properties of 
sample paths in a neighborhood of time f = 0 to properties at inhnity. An example is 
the following 


Corollary 4.13 (Law of large nnmbers). Almost surely 

t^OO t 


(4.54) 


Proof. Let Y be defined as in the proof of Proposition 4.12[ Then, applying this propo¬ 
sition, we have that limi^oo ^(t)/t = hmt_,.oo H(l/t) = H(0) = 0 almost snrely. □ 

We want to prove another basic property of the theta process, its stationarity, i.e. 
the fact that any time-shift also leaves the distribntion of the process nnchanged. 


Theorem 4.14 (Stationarity). Fix to > 0. Consider the process 


Y{t) = X{to + t)-X{to). 


(4.55) 


Then {H(t ): t >0} is also a theta process 
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Proof. A crucial observation is that we can write the term as a theta func¬ 

tion. In fact, for t > 0 and s = 21ogt we have 


This implies 

X(() =e*'‘‘ex(r94') 

nGZ nGZ 

nGZ 

and 


(4.56) 


(4.57) 


V((„ + () - V((„) = 53lii(9)i„„,.+„](«) = 

nEZ 


Now, by (4.56), 


X{to,to+t){w) = l(0,t)(w^ - to) = e"/^[i?(<h")x](u; - to) 

= Vt[W{O,0)R{^^)x] (w) 

= Vim,o,0,o)R{<!>M M 


and therefore 

Y{t) = X{to + t)- X{to) = ViJ2 [Ri9)R{i, 0; , 0)/2($g)x] (n) 

nGZ 

= e^/"0^(r(?'<h^) 


(4.58) 


(4.59) 


(4.60) 


where s = 21ogf and g' = 5'(i,0; ()(,) ,0). Using the right-invariance of the normalized 
Haar measure as before, we get the desired statement. □ 


Theorem 4.15 (Rotational Invariance). Fix 6 E M. and consider the process Y[t) = 
e^^^^X{t). ThenYr^X. 


Proof. Observe that 

Y{t) = e{9)ViQ^{Tg<!>^) = Vi QV'^dV 0; 0, 0)<l>'*) (4.61) 

and use the right-invariance of the normalized Haar measure as before. □ 


4.6 Continuity properties 


In this section we prove parts (viii)-(x) of Theorem 1.4 By dehnition of the curves 
t Xisf{t) and tightness, we already know that typical realizations of the theta process 


62 





are continuous. In particular, for 0 < t < 1 (or any other compact interval) typical 
realizations are uniformly continuous, i.e. there exists some function ip (depending on 
the realization) with lim/i^^o ^{i) = 0, called a modulus of continuity of X : [0,1] —)■ C, 
such that 

, \X(t + h) - X(t)\ 

limsup sup -—-^ < 1 (4.62) 

If X above is replaced by a Wiener process, then a classical theorem by Levy [30] states 
that there exists a deterministic modulus of continuity, namely ip{h) = ■\/2hlog(l/h), 
for almost every realization. For the theta process, a similar result is true, but with a 
smaller exponent on the logarithmic factor. This result follows from the representation 
of g theta function as before, and a logarithm law for the geodesic flow 

proved by Sullivan |13] and by Kleinbock and Margulis [28| in very general setting. 


Theorem 4.16 (Modulus of continuity). For every £ > 0 there exists a constant > 
such that, almost surely, for every sufficiently small h > 0 and all 0 < t < 1 — h. 


\X{t + h)- X{t)\ < C'yh(log(l/h))i/4+L 


Proof. Let us use the representation (4.60) and write 


\X{t + h) - X{t)\ 
\/h 


= |0^(r^?(z,O;(?),O)<l>^)| 


(4.63) 


(4.64) 


where r = 2 log h. Theorem 4.16 thus reduces to a bound on the right hand side of (4.64) 
for almost every Tg E T\G. We obtain this bound by using the dyadic decomposition 

(Hg), 

oo 

Q^{g {i, 0 ; (?), 0 )$’') = 2-^I^Q^{Tg {i, 0 ; ( 

j=o 

OO 

+ ^2-"2ei_(rg(i,0; 

j=0 


O),0)$'-(21og2)i) 

(?),0)4>^(l;(?),0)$-(2i°g2P)^ 


(4.65) 


and estimating each summand. For g, t hxed, let us set 

(^s,0d^.,C) = (?) ,0)$" 

and dehne 

ys = sup Im(M 2 ;^) 

MeSL( 2 ,Z) 


(4.66) 


(4.67) 


as the height in the cusp of our trajectory at time s (cf. (3.39)). By Lemma 2.1, we have 

|eA(rg(*,0;(;),0)4'-P>“*=»)| (4.68) 

|eA.(r9 (i.O; (?) (?), 0)4-P'“«^W)l « vl-mo,2,r (4-69) 
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If <^SL( 2 ,z) denotes the standard Riemannian metric on the modular surface SL(2,Z)\io, 
then 

dsL( 2 ,z)(ha: + i|/) ~ log?/ {y-)■ oo). (4.70) 

Kleinbock and Margulis [2S] (cf. also Sullivan [43]) show that for almost every g and 
every e: > 0 , 


dsL( 2 ,z)(h Xs + iys) > (1 - £) log |s| inhnitely often (4.71) 

dsL( 2 ,z)(h Xs + iys) < (1 + £) log |s| for all sufficienly large |s|. (4.72) 


Thus 


|0A(r^(hO; (?) ,0)<h^ <max(|r- (21og2)j|3d+d^ 


|0A„(r^ (?,0 ;(?),0 )<h^(l;(?),0)«h 


-(21og2)j^ 


maxi 


|r - (21og2)j|3d+d^i)_ 


In view of (4.65), this yields 


|e,(9('i,0;(»),0)4’')|«|r|i»+'>. 


(4.73) 

(4.74) 

(4.75) 


By recalling that r 


21ogh, the proof of Theorem 4.16 follows from (4.64), and (4.75). 

□ 


Despite the unusual modulus of continuity \/h(log(l/h))^/^+^, we can prove that 
typical realizations of the theta process are 6^-Holder continuous for any 9 < 1/2. This 
result is completely analogous to the one for Wiener process sample paths due to Levy 

ffl. 


Corollary 4.17 (Holder continuity). If 6 < 1/2, then, almost surely the theta process is 
everywhere locally 9-Holder continuous, i.e. for every t > 0 there exists 5 > 0 and C > D 
such that 


\X{t) — X(t')\ < C\t — t'y for all t' > 0 with \t — t'\ < 6. 


(4.76) 


Proof. Let C > 0 be as in Theorem 4.16 Applying this theorem to the theta process 
{X{t) — X{k): t E [k,k-\-l]} (recall Theorem 4.14) where fc is a nonnegative integer, we 
get that, almost surely, for every k there exists h+{k) > 0 such that for all t E [k,k -\-1) 
and 0<h<(fc + l — f)A h+(/c). 


\X{t + h)- X{t)\ < C\/h(log(l/h))i/^+" < Ch^. 


(4.77) 


On the other hand, by applying the same argument to the theta process {X{k + l — t) — 
X{k-\-l): t E [k,k-\-l]} we obtain that, almost surely, for every k there exists h_ {k) > 0 
such that for aSlk<t<k + l and 0 < h < (t — k) A h-{k) 

\X{t) -X{t-h)\< C^(log(l/h))i/^+" < Ch^. (4.78) 

The desired result now follows immediately. □ 
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Now that we know that typical realization of the theta process are ^-Holder continuous 
for every 0 < 1/2, it is natural to ask whether they enjoy stronger regularity properties. 
In particular, we study differentiability at any hxed time. We will show that for every 
hxed to > 0, typical realizations of {X(f): f > 0} are not differentiable at to- By 
stationarity it is enough to consider differentiability at to = 0. Then, by time inversion, 
we relate differentiability at 0 to a long-term property. This property is parallel to the 


law of large numbers: whereas Corollary 4.13 states that typical trajectories of the theta 
process grow less then linearly, the following proposition states that the limsup growth 
of |W(f)| is almost surely faster than ^/i. 

Proposition 4.18. Almost surely 


limsup —= -f-oo. 

t —^oo i' 


Proof. By (4.44), for s = 21ogf 


Vi 




(4.79) 


(4.80) 


with g G r\G. Since is ergodic (cf. [271 Prop. 2.2]), we have by the Birkhoff ergodic 
theorem, for any R> 0 and /i-almost every g G T/G, 


lim — 

T^.oo T 




ds = 


fi{{heT\G: \QM\>R}) 

/i(r\G) 


(4.81) 


By Theorem |3.13[ the right hand side is positive for any R < oo. Hence the left hand side 
guarantees that there is an inhnite sequence Si < S 2 < • • • —t cxd such that |0^(5f<h^j )| > R 
for all j G N. Since R can be chosen arbitrarily large, limsup^^o^ |0^(5f<h*)| = -|-cxd. □ 

Let us now prove that typical realizations of the theta process are not differentiable at 
0. To this extent, let us introduce the upper derivative of a complex-valued F : [0, oo) —)■ 
C at f as 

\F(t + h)-F{t)\ 


D*F{t) = limsup 


h 


(4.82) 


We have the following 

Theorem 4.19. Fix R >0. Then, almost surely, the theta process is not differentiable 
at to- Moreover, D*X{to) = -|-oo. 


Proof. Let Y be the theta process constructed by time inversion as in Proposition 4.12 
Then, by that proposition 

\X{t)\ 

ip \ L \ i = milbup 

t^oo 


D*Y{0) = lim sup > limsup yt|F(i)| 


/i4,o 


h 




Vi 


(4.83) 


and the latter limsup is inhnite by Proposition 4.18 Now let to > 0 be arbitrary. Then 
X(t) = X(fo + t) — X{to) dehnes a theta process by Theorem 
of df at 0 is equivalent to differentiability of X at to- 


4.14 


and differentiability 

□ 


65 














References 


[1] I. Berkes. An almost sure invariance principle for lacunary trigonometric series. 
Acta Math. Acad. Sci. Hungar., 26:209-220, 1975. 

[2] M.V. Berry and J. Goldberg. Renormalisation of curlicues. Nonlinearity, l(l):l-26, 
1988. 

[3] P. Billingsley. Convergence of probability measures. Wiley Series in Probability and 
Statistics: Probability and Statistics. John Wiley & Sons, Inc., New York, second 
edition, 1999. A Wiley-Interscience Publication. 

[4] V. Blomer and J. Briidern. The number of integer points on Vinogradov’s quadric. 
Monatsh. Math., 160(3):243-256, 2010. 

[5] A.I. Bufetov. Limit theorems for translation flows. Ann. of Math. (2), 179(2):431- 
499, 2014. 

[6] A.I. Bufetov and G. Forni. Limit Theorems for Horocycle Flows. ArXiv e-prints, 
April 2011. 

[7] A.I. Bufetov and B. Solomyak. Limit theorems for self-similar tilings. Comm. Math. 
Phys., 319(3):761~789, 2013. 

[8] V.A. Bykovskii. System of inequalities. J. Sov. Math., 24:159-178, 1984. 

[9] F. Gellarosi. Limit Theorems for Theta Sums via Renormalization and Homoge¬ 
neous Dynamics. ProQuest LLG, Ann Arbor, MI, 2011. Thesis (Ph.D.)-Princeton 
University. 

[10] F. Gellarosi. Limiting curlicue measures for theta sums. Ann. Inst. Henri Poincare 
Probab. Stat, 47(2):466-497, 2011. 

[11] E.A. Goutsias and N.D. Kazarinoff. The approximate functional formula for the 
theta function and Diophantine Gauss sums. Trans. Amer. Math. Soc., 350(2):615- 
641, 1998. 

[12] E. Demirci Akarsu. Short incomplete Gauss sums and rational points on metaplectic 
horocycles. Int. J. Number Theory, 10(6):1553-1576, 2014. 

[13] E. Demirci Akarsu and J. Marklof. The value distribution of incomplete Gauss 
sums. Mathematika, 59(2):381-398, 2013. 

[14] D. Dolgopyat and B. Fayad. Deviations of ergodic sums for toral translations 1. 
Gonvex bodies. Ceom. Funct. Anal., 24(1):85-115, 2014. 


66 



[15] N.D. Elkies and C.T. McMullen. Gaps in ^/n mod 1 and ergodic theory. Duke Math. 
J., 123(1):95-139, 2004. 

[16] A. Fedotov and F. Klopp. An exact renormalization formula for Gaussian exponen¬ 
tial sums and applications. Amer. J. Math., 134(3):711-748, 2012. 

[17] H. Fiedler, W. Jurkat, and O. Korner. Asymptotic expansions of finite theta series. 
Acta Arith., 32(2):129-146, 1977. 

[18] L. Flaminio and G. Forni. Equidistribution of nilflows and applications to theta 
sums. Ergodic Theory Dynam. Systems, 26(2):409-433, 2006. 

[19] L. Flaminio and G. Forni. On effective equidistribution for higher step nilflows. 
ArXiv e-prints, July 2014. 

[20] S. Gouezel. Almost sure invariance principle for dynamical systems by spectral 
methods. Ann. Probab., 38(4):1639-1671, 2010. 

[21] J. Griffin and J. Marklof. Limit theorems for skew translations. Journal of Modem 
Dynamics, 8(2):177-189, 2014. 

[22] G.H. Hardy and J.E. Littlewood. Some problems of diophantine approximation. 
Acta Math., 37(l):193-239, 1914. 

[23] M.N. Huxley. Area, lattice points, and exponential sums, volume 13 of London Math¬ 
ematical Society Monographs. New Series. The Glarendon Press, Oxford University 
Press, New York, 1996. Oxford Science Publications. 

[24] W. B. Jurkat and J. W. Van Horne. The uniform central limit theorem for theta 
sums. Duke Math. J., 50(3):649-666, 1983. 

[25] W.B. Jurkat and J.W. Van Horne. The proof of the central limit theorem for theta 
sums. Duke Math. J., 48(4):873-885, 1981. 

[26] W.B. Jurkat and J.W. Van Horne. On the central limit theorem for theta series. 
Michigan Math. J., 29(l):65-77, 1982. 

[27] D. Kleinbock. Badly approximable systems of affine forms. J. Number Theory, 
79(1):83-102, 1999. 

[28] D.Y. Kleinbock and G.A. Margulis. Logarithm laws for flows on homogeneous 
spaces. Invent. Math., 138(3):451-494, 1999. 

[29] E. Kowalski and W. F. Sawin. Kloosterman paths and the shape of exponential 
sums. ArXiv e-prints, October 2014. 

[30] P. Levy. Theorie de I’addition des variables aleatoires. Gauthier-Villars, Paris, 1937. 


67 



[31] G. Lion and M. Vergne. The Weil representation, Maslov index and theta series, 
volume 6 of Progress in Mathematics. Birkhauser, Boston, Mass., 1980. 

[32] J. Marklof. Limit theorems for theta sums. Duke Math. J., 97(1):127-153, 1999. 

[33] J. Marklof. Pair correlation densities of inhomogeneous quadratic forms. If. Duke 
Math. J., 115(3):409-434, 2002. 

[34] J. Marklof. Pair correlation densities of inhomogeneous quadratic forms. Ann. of 
Math. (2), 158(2):419-471, 2003. 

[35] J. Marklof. Spectral theta series of operators with periodic bicharacteristic flow. 
Ann. Inst. Fourier (Grenoble), 57(7):2401-2427, 2007. Festival Yves Cohn de 
Verdiere. 

[36] J. Marklof and A. Strombergsson. The distribution of free path lengths in the peri¬ 
odic Lorentz gas and related lattice point problems. Ann. of Math. (2), 172(3):1949- 
2033, 2010. 

[37] 1. Melbourne and M. Nicol. A vector-valued almost sure invariance principle for 
hyperbolic dynamical systems. Ann. Probab., 37(2):478-505, 2009. 

[38] L.J. Mordell. The approximate functional formula for the theta function. J. London 
Mat. Soc., 1:68-72, 1926. 

[39] W. Philipp and W. Stout. Almost sure invariance principles for partial sums 
of weakly dependent random variables. Mem. Amer. Math. Soc. 2, (issue 2, 
161);iv+140, 1975. 

[40] M. Ratner. On Raghunathan’s measure conjecture. Ann. of Math. (2), 134(3):545- 
607, 1991. 

[41] N.N. Rogovskaya. An asymptotic formula for the number of solutions of a system of 
equations. In Diophantine approximations, Part II (Russian), pages 78-84. Moskov. 
Gos. Univ., Moscow, 1986. 

[42] N.A. Shah. Limit distributions of expanding translates of certain orbits on homo¬ 
geneous spaces. Proc. Indian Acad. Sci. Math. Sci., 106(2):105-125, 1996. 

[43] D. Sullivan. Disjoint spheres, approximation by imaginary quadratic numbers, and 
the logarithm law for geodesics. Acta Math., 149(3-4):215-237, 1982. 

[44] G. Szego. Orthogonal polynomials. American Mathematical Society, Providence, 
R.L, fourth edition, 1975. American Mathematical Society, Golloquium Publica¬ 
tions, Vol. XXIII. 



[45] S. Thangavelu. Lectures on Hermite and Laguerre expansions, volume 42 of Mathe¬ 
matical Notes. Princeton University Press, Princeton, NJ, 1993. With a preface by 
Robert S. Strichartz. 

[46] T.D. Wooley. Vinogradov’s mean value theorem via efficient congruencing. Ann. of 
Math. (2), 175(3): 1575-1627, 2012. 

[47] T.D. Wooley. Approximating the main conjecture in Vinogradov’s mean value the¬ 
orem. ArXiv e-prints, January 2014. 


69 



